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Abstract 

Laszlo and Olsson constructed Grothendieck's six operations for unbounded complexes on Artin 
stacks under an assumption of finite cohomological dimension. In this article we construct a formal- 
ism of six operations for bounded complexes on Deligne-Mumford stacks without this assumption. 
We develop a theory of gluing of pseudo- functors, which allows us to prove base-change theorems 
in derived categories. 

Introduction 

Let 5* be a regular scheme of dimension < 1, ^ a prime number invertible on S*. In |LO08a) . jLO08b| . 
Laszlo and Olsson construct a formalism of Grothendieck's six operations for unbounded complexes 
of £-power torsion and €-adic lisse-etale sheaves on finite type Artin S'-stacks, under the assumption 
that the ^-cohomological dimension of every finite type S'-scheme is finite. Note that a field does not 
satisfy this assumption in general. In this article, we construct a formalism of six operations for bounded 
complexes of torsion and ^-adic etale sheaves on finite type Deligne-Mumford S'-stacks without the above 



assumption. This formalism generalizes that of 



SGA 4i 



Th. finitudcl and |Ekc90, 6.31 



Let A be a Gorenstein ring of dimension annihilated by an integer m invertible on S. We construct, 
in § 2, for every morphism / : X ^ y Deligne-Mumford S'-stacks of finite type, functors 

(0.0.1) r,Rf:Dliy,A)^D'^{X,A), 

and, if / is of prime to m inertia ()1.12|) . functors 

(0.0.2) RU,Rfr. D''^{X,A)^Dl{y,A). 

As in [LOOSaJ . Rf' and Rf\ are constructed by duality and the key point is the ghiing of the dualizing 
complex. 

If / is of prime to m inertia, under the additional assumptions that / is separated and that X and 
y are of finite inertia, which are satisfied if X and y are separated, Rf - and Rfi are restrictions of more 
general functors 

Rf : D{y, A) ^ D{X, A), Rf, : D{X, A) ^ D{y, A), 

which we construct in § 1 by applying Nagata compactification 'CLO09 to the coarse spaces. This 
more direct approach allows us to construct the base change isomorphism (jl.lSp in the derived category, 
which was constructed on the level of sheaves in |LO08a| § 5] . We also construct the support-forgetting 
morphism Rf\ => i?/*, which was constructed in several cases by Olsson lOlsOSI 5.1, 5.17]. 

The construction does not depend on the choice of the compactification. In [SGA 4i XVII] Deligne 
checked this for schemes by gluing two fibered categories. The case of stacks is more complicated, 
because / is isomorphic to a composition of three morphisms (jl.lOp . We set up the necessary framework 
of gluing in an appendix (§ 7). 

In § 3, we develop an i'-adic formalism for a general topos. We closely follow the methods of [LO08b| . 
In § 4, we apply this formalism to Deligne-Mumford stacks and construct analogues of (|O.O.ip and (|0.0.2p 



1 



with A replaced by a complete discrete valuation ring O with fraction field E of characteristic and 
residue field F of characteristic £. Again, we are able to construct the base change isomorphism (|4.20[) 
and the support-forgetting morphism. In § 5, we show that the restriction on the inertia of / disappears 
when we pass from O to E. 

Our formalism is used in |IZ09I § 2] to give a generalization of Laumon's theorem on Euler-Poincare 
characteristics. In loc. cit., the cases of i?-coefRcients and F-coefficients are treated separately. In § 6, 
we use Brauer theory to prove that the case of F-coefficients follows from the case of F-coefficients. 

We have largely ignored logical problems that are usually solved by choosing a universe il. By a 
regular scheme, we mean a Noetherian regular scheme. 

It is a pleasure to thank Luc Illusie for the numerous comments he made on drafts of this paper. 
Part of this work was done during a stay at Morningside Center of Mathematics, Beijing. The author 
thanks the center for its hospitality. 

1 Operations on D{A^,A) 

1.1. Let A be a commutative ring with unity. Let /: A" — >■ 3^ be a morphism of toposes. The exact 
functor /* : Mod(3^, A) — > Mod(A', A) induces a triangulated functor 

/*: D{y,A)^D{X,A). 

The left exact functor : Mod(A', A) Mod(3^, A) has a right derived functor |KS06I 18.6] 

i?/,: D{X,A)^D{y,A). 

For M G D{X, A) and N G D{y, A), the projection formula map 

(1.1.1) N ®iRfM ^ Rf*{rN ®iM) 

is adjoint to the composition 

r{N ®^ RUM) ^ rN ®^ rRUM ^ fn ®i m, 

where the second map is induced by the adjunction f*Rf^AI — M. 

If X is algebraic, y is locally coherent jSGA 41 VI 2. 3] and / is coherent |SGA 41 VI 3.1], then i??/, 
commutes with small filtrant inductive limits for all q |SGA 41 VI 5.1]. Thus, in this case, /H.-acyclic 
sheaves on X are stable under small filtrant inductive limits. If, moreover, /* is of finite cohomological 
dimension, then Rf^ commutes with small direct sums |KS061 14.3.4 (ii)]. 

1.2. Let S* be a quasi-separated scheme. All algebraic S'-spaces are assumed to be quasi-separated. 
We use a more general notion of Deligne-Mumford stacks than that used in [LMBOOj . By a Deligne- 
Mumford S -stack, we mean an ^-stack X such that the diagonal A: X ^ X Xg X is representable, 
quasi-compact and quasi-separated, and such that there exists an algebraic ^-space X and an etale 
surjective morphism X X. The base scheme does not play much role, in the sense that if 5" — >■ 5* 
is a morphism of quasi-separated schemes, the 2-category of Deligne-Mumford 5"-stacks is 2-equivalent 
|GR09| 1.2.10 (i)] to the 2-category of Deligne-Mumford 5'-stacks over S' . By a Deligne-Mumford stack, 
we mean a Deligne-Mumford Spec(Z)-stack. 

Let A:" be a Deligne-Mumford S-stack. The 2-category of Deligne-Mumford ^-stacks representable 
over X is 2-equivalent to the 1-category Rep(A') obtained by identifying isomorphic 1-cells. The objects 
of Kep{X) are pairs {y,f), where ^ is a Deligne-Mumford S'-stack and f : y ^ X is a representable 
morphism. A morphism of Rep(A') from {y,f) to {Z,g) is an equivalence class of pairs {h,a), where 
h: y ^ Z is a, morphism of Deligne-Mumford 5'-stacks and a: / — > g/i is a 2-cell. In such a pair, h 
is necessarily a representable etale morphism. Two such pairs {h,a) and («,/?) are equivalent if there 
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exists a 2-cell j: h =i' i such that (3 = {g^)a, or, in other words, that /3 is equal to the composition of 
the fohowing 2-cens 




We define the etale site Et(A:') of X to be the full subcategory Et(A') of Rep(A:') consisting of Deligne- 
Mumford 5-stacks representable and etale over X, endowed with the etale topology. The category 
Et(A') admits finite projective limits. The corresponding topos X^t is algebraic. The full subcategory 
of Et(A') consisting of affine 5'-schemes etale over X, endowed with the etale topology, gives the same 
topos |SGA 4[ III 4.1]. If X is quasi-compact, then X^t is coherent. 

Let / : X ~^ y he a. morphism of Deligne-Mumford 5-stacks. The functor 

f-^ : Et(y) ^ Et(A:'), U^UxyX 

is left exact and continuous [SGA 41 III 1.6]. Hence it induces a morphism of toposes (/,, /*) : X^t — > 
|SGA 4[ III 1.3]. If / is quasi-compact, then this morphism of toposes is coherent, li g: X y \s also 
a morphism and a: / g is a 2-cell, a induces a natural transformation ^ /~^, and hence a 2-cell 

(/*,r)^(5*,5*)- 

A surjective smooth morphism of Deligne-Mumford stacks is of cohomological descent, because etale 
locally it has a section. 

1.3. Let X he & topos and U be an object of X. Let U = X/U and consider the morphism of toposes 
j:U~^X. The restriction functor j* : Mod(A', A) — > Mod(^, A) admits a left adjoint 

J! : Mod(^, A) ^ Mod(A', A) 

|SGA 41 IV 11.3.2]. We denote j\h^u by ^u,x- The functor j\ is exact and induces a triangulated functor 

j\: D(U,A) ^ D{X,A). 

For M e D(U,A), N e D{X,A), the adjunction morphisms 

(1.3.1) RRomxij\M, N) ^ RRomu{M, j* N) 
and 

(1.3.2) RHomxU^M, N) Rj,Rnomu{M, j* N) 
are isomorphisms. They are induced by 

Hom^(j!M,^') ^ Hom^(Af,j*A^'), 

and 

Uom'xim'.N') ^ jMom'u{M\j*N'), 

where N' is homotopically injective and equipped with a quasi-isomorphism N ^ N' , M' belongs to 
Vu and is equipped with a quasi-isomorphism M' M. Here Vn is the smallest full triangulated 
subcategory of A'(Mod(iY, A)) closed under small direct sums and containing K^{Vu), where Vu is the 
full additive subcategory of Mod(W, A) consisting of flat sheaves. Note that j* preserves homotopically 
injective complexes. The map (jl.3.2p is adjoint to the composition 

j*R'Homx{j<M,N) ^ Rnomn{j*j,MJ*N) Rnomu{M, j* N), 
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where the second map is deduced from the adjunction M — > j*j\M. 
The projection formula map 



(1.3.3) 

adjoint to the composition 



j*N ®i M ^ fN ®i rj,M ^ r{N j,M), 

where the first map is deduced from the adjunction Af j* j\M , is an isomorphism. In fact, (|1.3.3p is 
induced by the isomorphism of complexes [KS06I 18.2.5] 

J! tote(j*iV' ®A Af) A tote(iV' ®k j\M) 

where TV' belongs to Vx and is equipped with a quasi-isomorphism N' —> N . 

1.4. Let f : y ^ X he a. morphism of toposes. Let V — f^^{U), V = y/V and consider the following 
2-commutative square D of toposes 




U 

The base change map (|7.18.2p . natural transformation of functors D{y,A) D{U,A) 

Bd: 3*Rf*^ R9*3'\ 

is a natural equivalence. By 17.211 the base change map (|7.20.1|) is a natural equivalence of functors 
D{U,K)^D{y,K) 

(1.4.1) AD:j{g*^r3u 

and and induce by adjunction the same natural transformation of functors -D(V, A) — s> D{X^ A) 

(1.4.2) Gd- ]\Rg.^ Rh][- 



1.5. Let j : 14 ^ X he a. representable etale morphism of Deligne-Mumford S'-stacks. Then [T731 applies 
to j. If j is an open immersion, the adjunction map j*Rj* ^ 1d(iy,a) is invertible and we have, bv l7.22| 
a natural transformation of functors D{U, A) — )■ D{X, A) 



(1.5.1) 



compatible with composition of open immersions. 
If 




is a 2-Cartesian |GR09I 1.2.12] square of Deligne-Mumford S'-stacks with j representable and etale, then 
11.41 applies. 

1.6. Let i: y ^ X he a closed immersion of Deligne-Mumford S'-stacks. Then 

i^: Mod(3^, A) ^ Mod(A',A) 
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is exact. Define r : Mod(A:', A) Mod(3^, A) by r J" = i* Ker{T j*j*J'). Then r is a right adjoint of 
and thus is left exact and has a rig ht derived functor Ri' : D{X, A) D{y, A). Let j : U ^ X be the 
complementary open immersion. 

For any complex M of A-modules on X, we have a natural short exact sequence 

-> j\j*M M iJ*M -> 0, 

hence a distinguished triangle in D{X,A) 

(1.6.1) jij*M ^ M ^ iJ*M . 

For any complex N of injective A-modules on X, we have a natural short exact sequence 

ijN -^N ^ j^fN 0. 
It follows that, for any £ D{X,A), we have a distinguished triangle 

(1.6.2) i^Ri-N N ^ RjJ*N . 

In fact, it suffices to take a quasi-isomorphism N' — > N, where N' is homotopically injective with 
injective components |KS061 14.1.6, 14.1.7]. 

For M G D{X,A), N G D{X,A), the morphism 

(1.6.3) Rnomy{i*M, Ri'N) ^ Rv RUomxiM, N), 
adjoint to the composition 

uRHomy{i*M,Ri N) ^ RUomxii^i* M, N) ^ RHomx{M,N), 

where the second map is deduced from the adjunction M i^i*M , is an isomorphism. In fact, we have 
an isomorphism of distinguished triangles 

Rnomx{iJ*M, N) ^ RUomxiM, N) ^ RHomx{j\j*M, N) ^ 

uRvRUomxiM, N) ^ R'Homx{M,N) ^ Rj^j* RUomxiM, N) ^ 

Proposition 1.7 (Smooth base change). Let 

X' ^^X 

f f 

be a 2-Cartesian square of Deligne-Mumford S-stacks, M G D{X,A). Assume either 
(a) g is etale, or 

(h) g is smooth, f is quasi- compact, A is annihilated by an integer m G Z invertible on S, and M G 
D+{X,A). 

Then the base change map 

g*RUM ^ Rfih*M 

is an isomorphism. 
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Proof. This is standard. We give a proof for the sake of completeness. 
Consider the diagram with 2-Cartesian square 




where a and /3 are etale presentations with Y and Y" disjoint unions of quasi-compact schemes. Since 
base change by a and a' 13 holds trivially, up to replacing g by g' /3, we may assume that y and y' are 
quasi-compact schemes. Case (a) is then trivial. In case (b), take a quasi-compact etale presentation 
7: X — ;> A" with X an algebraic ^-space. Let X» = cosko7 and let 7,: X, X he the projection. 
Then X„ — (X/X)"^^ is an algebraic S-space (even if we had taken X to be an S'-scheme). Take 
X'^ — X' Xx X, (2-fibcr product) and consider the square 



XL^X, 



7. 



X' 



X 



By cohomological descent, the adjunction M -> i?7,»7*Af is an isomorphism. It follows that it suffices 
to show that the base change maps 

g*R{f-f,),M, ^ R{f'-f',),h*M„ h*R-i,,M, ^ Ri^KM, 

are isomorphisms, where M, = j^M. For the second map, repeating the first reduction of this proof, 
we may assume that X and X' are quasi-compact schemes. Therefore, we are reduced to proving the 
theorem under the additional hypotheses that y, y' are quasi-compact schemes and X is an algebraic 
5'-space. In this case, take an etale presentation X ^ X with X a quasi-compact scheme and repeat 
the preceding reduction. We may then assume that X is also an ^-scheme. In this case, the result is 
classical |SGA 4i XVI 1.2]. □ 

Proposition 1.8. Assume that A is annihilated by an integer invertible on S. Let f: X ^ y be a 
smooth morphism of Deligne-Mumford S -stacks, M,L e D(y,A). Then the map 

(1.8.1) f*Rnomy{M, L) RHom{f*M, f*L) 

is an isomorphism. 

Proof. The problem is local for the etale topology on X and on y. We may assume that X and y are 
quasi-compact schemes and / is separated. Then / is compactifiable and (|1.8.ip becomes the inverse 
of the trivial duality |SGA 4i XVIII 3.1.12.2] via the isomorphism f*{d)[2d] ^ Rf |SGA 41 XVIII 
3.2.5], where d is the relative dimension of /. Note that the trivial duality holds in fact for unbounded 
complexes: the proof of (|1.23.2p applies. □ 

1.9. We say that a morphism / of Deligne-Mumford S'-stacks is a universal homeomorphism if it is 
a homeomorphism and remains so after every 2-base change of Deligne-Mumford S'-stacks. Note that 
we do not assume / to be representable. A universal homeomorphism is universally injective, hence 
separated. Unlike the case of schemes, a universal homeomorphism does not induce an equivalence of 
etale toposes in general. 

Assume in the rest of this section that 5 is a Noetherian scheme. 
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Proposition 1.10. Let f: X ^ y be a separated morphism of Deligne-Mumjord S -stacks of finite type 
and finite inertia. Then f is isomorphic to the composition of morphisms of Deligne-Mumford stacks 



X 



X' Uz^y, 



where tt is a proper homeomorphism, j is an open immersion, p is proper and representahle. Moreover, 
*/ / is quasi- finite, we can take p to he finite. 

Proof. Let g: X ^ Y he the morphism of coarse spaces jCon05| 1.1] associated to /. Then is a 
separated morphism of algebraic ^-spaces of finite type. Applying Nagata compactification |CLO09| 
1.2.1] to g, we get g = qk, where q: Z ^ Y is a proper morphism of algebraic spaces and k: X ^ Z is 
an open immersion. It then sufiices to take p to be the base change of q and j to be the base change 
of k. If / is quasi-finite, so is g, and it suffices to apply Zariski's Main Theorem |LMBOOI 16.5] to g. □ 



Let C be a 2-category. The inertia of a 1-cell / : X — > 

If = X X Aj.,y,A 



Y is defined to be 
, X. 



The following is an immediate consequence of |IZ091 2.11]. 
Lemma 1.11. Let 

U' ^X' 




be a 2-commutative cube in C with 2-Cartesian bottom and top squares. Then the square 



lu'/v 



Ix'/Y' 



'(7/V 



is 2-Cartesian. 

It follows that Deligne-Mumford S'-stacks of finite inertia are stable under 2-fiber products. 

1.12. Let m be an integer. Following IZ09i 2.9], we say that a morphism f : X ^ y of Deligne-Mumford 
S'-stacks is of prime to m inertia if for every algebraically closed field f2 and every point x G X{D,), the 
order of the group 

AutA'„(a;) ~ Ker(AutA'(a;) Auty{y)) 

is prime to m, where y £ y{^) is the image of x under /. Note that morphisms of prime to m inertia 
are closed under composition and base change. 

Proposition 1.13. Let m be an integer, C be the 2-category of Deligne-Mumford S-stacks of finite type 
and finite inertia whose 1-cells are the separated morphisms of prime to m inertia. Let X be an object 
of C, Ax be the 2-faithful subcategory |y. j[ ) ofC/X whose 1-cells are the open immersions, Bx be the 
2-faithful subcategory ofC/X whose 1-cells are the proper morphisms, V be a 2-category. Then the 
2-functor ([7X3)) 

(1.13.1) ¥sFun{C/X,V) ^ GD^^,^^ (C/A-, 

is a 2-F\a\{0h{C / X),!))- equivalence \7.1^ . 



7 



Proof. To simplify notations, let C = C/X, A — Ax, B ~ Bx and let Ai, A2, Bi, B2 be the 2- 
faitliful subcategories of C whose 1-cells are respectively the quasi-finite, representable and quasi-finite, 
quasi-finite and proper, finite morphisms. Then the functor ()1.13.1|) is a composition of functors 

PsFun(C',I?) ^ GBai,b{C',-D) ^ GDb^a.MC^T^) 

^ GD^„h(C',2?) ^ GDaaMC',T^) ^ GD^,e(C',P), 

where Pi and P2 are equivalences of categories bv 17.151 since Bi,B2 C B, and Ei, E2 and E3 are 
equivalences bv 17.161 Ei and E2 satisfy condition (i) of 17. 161 bv 11.101 E3 satisfies (i) by Zariski's Main 
Theorem, E2 satisfies (vi') since Ai Ci B = Bi hy definition, E3 satisfies (vi') since A2 Ci B = B2 hy 
Zariski's Main Theorem. □ 

Assume in the rest of this section that A is annihilated by an integer m 7^ 0. Unless otherwise stated, 
we do not assume that m is invertible on 5*. We say that a morphism / : X ^ y oi Deligne-Mumford S- 
stacks is S -proper, if / is the 2-base change of some proper morphism /o : Xq y^ of Deligne-Mumford 
^-stacks with y^ locally of finite type over S. Recall that Chow's lemma jLMBOOl 16.6] implies base 
change for S-proper morphisms and . For morphisms of prime to m inertia, this can be generalized 
to unbounded complexes as follows. 

Lemma 1.14. Let f : X y be an S-proper morphism of Deligne-Mumford S-stacks. Assume that f 
is of prime to m inertia and the fibers have dimension < d. Then has cohomological dimension < 2d. 

Proof. Up to replacing y by an etale presentation and X be the corresponding 2-pull back, we may 
assume that 3^ is a separated scheme. Then / factorizes through the coarse space of X, and we are 
reduced to two cases: (a) / is a universal homeomorphism; (b) / is representable. By proper base change 
for £)+, we may assume that y is the spectrum of an algebraically closed field. In case (a), X''°'^ = BG, 
G of order prime to m. In this case, can be identified with the functor of taking G-invariants, which 
is exact. Case (b) follows from |IZ091 6.4]. We give a proof that does not make use of cohomology 
with proper support. We proceed by induction on d. By Chow's lemma |Knu71l IV. 3.1], there exists 
■k: X X proper and birational such that A is a scheme. For any F G Mod(A',A), complete the 
adjunction J- Rtt^t:* J- into a distinguished triangle 

J" Rn^TT*T ^ M . 

By the case of schemes of this lemma |SGA 41 X 4.3, 5.2], i?/*i?7r,7r* J" ~ i?(/7r)*7r* J" e D^^"* and, for 
any i, the support of H^M has dimension < d — I — i/2. By induction hypothesis, Rf^M G ^<2d-2 
Thus i?/* J" G □ 

Proposition 1.15. (i) (Proper base change) Let 




be a 2- Cartesian square of Deligne-Mumford S-stacks where f is S-proper and of prime to m inertia, 
M G D{X,A). Then the base change map 

g*RfM ^ Rfih*M 

is an isomorphism. 

(ii) (Projection formula) Let f : X ^ Y be an S-proper morphism of Deligne-Mumford S-stacks, 
M G D{X,K), N G D{y,K). Assume that f is of prime to m inertia. Then the map ()l.l.ip 

N ®i RfM Rf*{f*N M) 

is an isomorphism. 
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Proof, (i) We may assume y quasi-compact. By I1.14[ we are then reduced to the known case when 

M e D+. 

(ii) By (i), we may assume that y is the spectrum of a separably closed field. Since i?/* commutes 
with small direct sums (jl.ip . we may assume M S D~{X,A), and N is represented by a complex 
bounded above with flat components. Then we may assume M G Mod{X, A), and iV is a flat A- module. 
Then is a filtrant inductive limit of finite free A-modules. Since R'' fs, commutes with such limits 
we may assume that A^ is a finite free A-module. In this case (jl.l.ip is obviously an isomorphism. □ 

Proposition 1.16. Let 



xo^yo 

be a 2-Cartesian square of Deligne-Mumford S -stacks where fo is a proper universal homeomorphism 
il.9\) of prime to m inertia, 3^o 'is locally of finite type over S. Let M £ D(y,A). Then the adjunction 
map M — ^ Rf^f*M is an isomorphism. 

Proof. By proper base change (|1.15p . we may assume that 3^ is the spectrum of an algebraically closed 
field. Then X^^'^ — BG, G of order prime to m. In this case the assertion is trivial. □ 

1.17. We use the gluing result [TTTO] to give a first construction of Rf\. Let C, A — As, B = Bs he as 
in ll.l3[ V be the 2-category of triangulated categories. Define an object {Fj\, Fjg, G, p) of GD^ g(C, V) 
(|7.6p as follows. Let F4 : A^V he the pseudo- functor given bv ll.51 

X ^-^ D{X,k), j ^ j\, a^a\, 

and let : B ^ V he the pseudo-functor given by 

X ^ D{X,k), p^Rp^, ai-^Ra^. 

If / is a proper open immersion, the 2-cell (|1.5.1I) f< => Rf^ is invertible and let p{f) be its inverse. If 
D is a 2-Cartesian square (|7.3.ip . let Go ■ i\Rq* ^ Rp*j\ be the 2-cell as in (ll.4.2p . Then i*GD can be 
identified with Irq, , hence is an isomorphism. Consider the complementary square 

Y -X- — ^Y 

q' P 

The proper base change map 

(1.17.1) i'*Rp, => Rq'J* 

is an isomorphism bv ll.lSl fi). hence i'*GD is 0. It follows that Gd is an isomorphism. Axioms (b), 
(b'), (c), (c') follow from [71^ Bv iTlQl and [1131 this defines a pseudo-functor F-.C-^V. For any l-ceU 
of C, namely, any separated morphism / : X ^ y oi prime to m inertia of Deligne-Mumford S'-stacks of 
finite type and finite inertia, we define 

Rfr. D{X,K)^D{y,K) 

to be F{f). 

The gluing formalism also enables us to construct the following natural transformations, 
(i) Support-forgetting map. Let F' : C ^ V he the pseudo-functor given by 

X^D{X,K), f^Rf^, a^Ra,. 
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Let e^: F\A => F'\A be the pseudo-natural transformation given by (|1.5.1I) and eg: F\B F'\B 
be the identity. Then (6^,65) is a 1-cell of GD^g(C,X') by 17.231 (iv), thus defines a pseudo-natural 
transformation F ^ F' . For any 1-cell / : X ^ y oiC, this defines a natural transformation of functors 
D{X,A)-^D{y,A) 

f< ^ Rf*, 

which is a natural equivalence if / is proper. 

(ii) Base change isomorphism. Let g: X' ^ X he a. morphism of Deligne-Mumford stacks, X of 
finite type and finite inertia over S', X' of finite type and finite inertia over some Noetherian scheme S' . 
For every object 3^ of C/ A", fix a 2-base change y' y oi g. Then y' is of finite inertia over S' bv ll.lll 
For every 1-cell Z — > 3^ of C/A', fix a 2-Cartesian square of S'-stacks obtained by 2-base change by g 

q" 

f f 

y^^y 

In this way, we have defined a functor C j X — > Cs' ■ Let Fi be the composition C/X ^ C — > T) and F2 be 

the composition C/X Cs' ^ V, eq: l^^il ^ be given by eo(3^) = g'*. Let e^: Fi\Ax F2\Ax 
be the pseudo- natural transformation with |e^| — eo given by the inverse of the base change map (jl.4.ip . 
eg: Fi\Bx F2\Bx be pseudo-natural transformation with |ee| = eo given by proper base change. It 
follows from 17.2^ and \T7I^ that (e^,eB) is a 1-cell of GD^_^ (C/<Y, P). Thus it induces a pseudo- 
natural transformation e: Fi ^ F2 with |e| — cq. For any 1-cell f : Z ^ y oi C/X, e{f) is a natural 
equivalence 

^ Rf;g"*. 

(iii) Projection formula isomorphism. Let be a Deligne-Mumford 5'-stack of finite type and finite 

F 

inertia, N S D{X,A). Let Fi be the composition C/A" — C — !> 2? as in (ii) and let eg: \Fi\ \Fi\ 
be given by eo(3^) — Ny 0^ — , where Ny is the pull back of N to y. Let ca- Fi\Ax Fi\Ax be 
the pseudo- natural transformation with |eyil= eo given by the inverse of the projection formula (jl.3.3p . 
eg: Fi\Bx Fi\Bx be pseudo- natural transformation with |e^|= eo given by the projection formula 
ll.l5l (iiV Let £ be the category whose objects are 1 and 2 and whose morphisms are li, I2 and s : 1 — ?> 2. 
Consider the pseudo- functor C / X x £ ^ T) given by 

{y,i)^D{y,K), {iy,s)^Ny®i~, (/,i,)^r-, 

where i = 1,2. Then (jl.3.3|) and 11.151 fii) are respectively the base change maps [7T201 and [7.181 Hence 
17.241 and 17.251 implv that (£^,6^) is a 1-cell of GD^_^ (C/A", 2?). Thus it induces a pseudo-natural 
transformation e: Fx =^> Fi with |e| = eo- For any 1-cell /: Z ^ y oi C/X, e(/) is a natural equivalence 

Ny®i Rh-^Rh{Nz®i-). 

We have obtained the following. 
Theorem 1.18. (i) (Base change) For any 2-Cartesian square of Deligne-Mumford stacks 

X'^X 

f / 

y^^y 

with X and y of finite type and finite inertia over S, y' of finite type and finite inertia over some 
Noetherian scheme S' , f separated of prime to m inertia, the base change map 

9*Rf\M Rf{h*M 
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is an isomorphism for all M € D{X, A). 

(ii) (Projection formula) Let f : X ^ y he a separated morphism of Deligne-Mumford stacks of finite 
type and finite inertia over S, M £ D{X^K), N G D{y,h). Assume that f has prime to m inertia. 
Then the projection formula map 

N (g)i RfM Rf {f*N (g)^ M) 

is an isomorphism. 

Corollary 1.19. Let f: X ^ y be a separated morphism of Deligne-Mumford stacks of finite type and 
finite inertia over S . Assume that f has prime to m inertia and the fibers of f have dimension < d. 
Then the cohomological amplitude of Rf\: D{X,h) D(3^, A) is contained in [0, 2(i]. 

Proof. By 11.181 (i) , we may assume that y is the spectrum of a field. If we decompose / ~ pji: as in 
11.101 with j dominant, then j\ is exact, tt* is exact and has cohomological dimension < 2d by I1.14[ 
because the source of p has dimension < d. □ 

Proposition 1.20. There exists a unique way to define, for every separated quasi-finite fiat representable 
morphism f : X y of Deligne-Mumford stacks of finite type and finite inertia over some Noetherian 
scheme T and every sheaf of K-modules J- on y , a trace map 



TifiF): Rf,f*T^T 

satisfying the following conditions: 

(a) (Compatibility with base change) For every 2- Cartesian square of Deligne-Mumford stacks 




with X and y of finite type and finite inertia over some Noetherian scheme T, X' and y' of finite 
type and finite inertia over some Noetherian scheme T' , f separated quasi-finite fiat representable, 
and every T € Mod([V, A), the following diagram commutes 

g*Rf[f*T g*T 

Rf[h*f*F^^Rf{f'*g*F 

where c is the base change isomorphism. 

(b) (Compatibility with composition) For every pair of composable separated quasi- finite fiat repre- 
sentable morphisms 

X ^y ^ Z 

of Deligne-Mumford stacks of finite type and finite inertia over some Noetherian scheme T and 
every T S Mod(2^, A), the following diagram commutes 



R{gfUgfr:F 

Rg,RfJ*g*T 



Tr/(.F) 

Rff*T 
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(c) (Normalization) If f is finite flat of constant degree d, the composition 

n ~ Tr f (T) 

T f*f*:F RhrT T , 

where a is the adjunction, is multiplication by d. 
Moreover, Tvf^J-) is functorial in J- . 

Note that Rf\ has cohomological dimension and is the derived functor of i?*^/:- Since the construc- 
tion of Tr/ is local for the etale topology on y, ^{OMi follows from |SGA 4[ XVII 6.2.3]. 

In a different setting, Olsson |Ols08| 4.1] constructed trace maps for morphisms that are not neces- 
sarily representable. 

1.21. Let j : A" 3^ be a separated etale representable morphism of Deligne-Mumford S'-stacks of finite 
type and finite inertia. Then the composition of natural transformations of functors Mod(A', A) — >■ 
Mod(>',A) 

flj! =^ R]\] J\ =^ J\ , 



where a: 1 is the adjunction (jl.Sp . is a natural equivalence. In fact, by base change, we are 

reduced to the trivial case where 3^ is the spectrum of a separably closed field. More generally, we have 
a natural equivalence Rj\ ~ j\ of functors D{X,K) — > D{y,K). 

Proposition 1.22. Let f : X ^ y be a separated morphism of Deligne-Mumford S-stacks of finite 
type and finite inertia. Assume that f is of prime to m inertia. Then Rf\ admits a right adjoint 
Rf-: D{y,A) ^ D{X,A). In particular, for K e D{X , A) and L e D{y,A), we have an isomorphism 

(1.22.1) }iomy{Rf,K,L) Romx {K , Rf L) , 

functorial in K and L. 

If / is a closed immersion, Rf' is isomorphic to the functor defined in 11.61 If / is etale and repre- 
sentable, [L2T] induces a natural equivalence /* ~ Rf '- 

Proof. This is a formal consequence of the fact that Rf\ commutes with small direct sums |KS061 14.3.1 
(ix)]. Wc may also repeat the construction of Rf- in [SGA 4[ XVIII 3.1.4] as follows, at least when A 
is a Noethcrian ring. Choose a decomposition / ~ pjir as in 11.101 and an integer d, upper bound of the 
dimensions of the fibers of /. For G Mod(A:', A), define 

f'J^ = P*T<2dC'{j\Tr*T), 



where C' is the modified Godement resolution ()2.6p . Then f'T computes Rf\J-. For every q, the functor 
f? : Mod(A', A) Mod(3^, A) is exact and commutes with small inductive limits, hence admits a right 
adjoint [SGA 41 XVIII 3.1.3] 

/■ : Mod(3^, A) ^ Mod(A', A) 
that preserves injectives. The functor 

tot /• : C(Mod(3^, A)) ^ C(Mod(A', A)) 

passes through a functor of honiotopy categories, which has a right localization [KS06| 14.3.1 (vi)] 

Rf -. D{y,A)^ D{X,A). 

For K E C(Mod(A', A)) and M E C(Mod(3^, A)), adjunction induces an isomorphism of complexes 

(1.22.2) Hom^(tot f'K, M) Ylom'x{K, tot f,M). 

It follows that tot fl preserves homotopically injective complexes. The isomorphism (|1.22.ip is induced 
by (ll.22.2p . where M is a homotopically injective resolution of L. □ 
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Proposition 1.23. Let f : X ^ y he as in [rM K he in D{X,h), L and M he in D{y,A). We have 
natural isomorphisms 

(1.23.1) Rnomy{RfiK,L) Rf^R'Homx{K,Rf L), 

(1.23.2) Rnomx{f*M,RfL) Rf RHomy{M,L), 

functorial in K , L and M . 

Proof. These are induced by the fohowing isomorphisms 
Yiouiy{M, Rnomy{Rf,K, L)) ~ YiouYy{M ®i Rf\K, L) 

Romy{RMf*M (E>i K),L):^ Romx{f*M K, R/L) 

~ Romxif* M,'Homx{K, Rf-L)) ~ }iomy{M, Rf^RnomxiK, Rf L)), 
Romx{K, RHomxifM, R/L)) - HomA'(/*M (g)^ K, R/L) 

~ }iomy{Rfi{f*M ®i K),L) A Hom:i;(M ®^ RfK, L) 

~ Romy{RfJ<, R-HomyiM, L)) ~ Romx{K, Rf- Rnomy{M, L)), 

where A is induced by projection formula M (g);^ Rf\K Rf\{f* ®a K) (|1.18I (ii)). □ 

The base change isomorphism 1 1 . iTl fii) induces the fohowing by adjunction. 
Proposition 1.24. Let 

X'^X 

f / 

y^^y 

he a 2- Cartesian square of Deligne-Mumford S -stacks of finite type and finite inertia, g separated of 
prime to m inertia. Let M € D{X,K). Then the map 

RfiRh-M Rg Rf^M 

is an isomorphism. 

1.25. The construction of Rf\ in ll.l7l works without assumption on the inertia of / if we restrict to D'^ . 
More precisely, let Ci be the 2-category of Deligne-Mumford S'-stacks of finite type and finite inertia 
whose 1-cells are the separated morphisms, A be the 2-faithful subcategory of Ci whose 1-cells are the 
open immersions, be the 2-faithful subcategory of Ci whose 1-cells are the proper morphisms, V be 
the 2-category of triangulated categories. Let F4: A V he the pseudo-functor given bv ll.51 

X^D^{X,A), 3 ^ 3\, a^a\, 

and let Fg^ : Si ^ "D be the pseudo-functor given by 

X ^ D+{X,K), p^Rf^, a^Ra^. 

We define G and p as before. Note that the proper base change map (jl.l7.ip is an isomorphism because 
we work over _D+. This defines an object of GD^g^(Ci,2?) and let F: Ci ^> 2? be a corresponding 
pseudo-functor. For any 1-cell /: — 3^ of Ci, we define 

Rfr-D+{X,K)^D+{y,K) 

to be F{f). If / is of prime to m to inertia, this is the same as Rfi. In general, is not the 
correct definition of Rf\ , but in § 5 we will use it to give the correct definition of Rf\ for coefficients of 
characteristic 0. 
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For any 1-cell / : <Y — > 3^ of Ci , we have the support-forgetting natural transformation of functors 
D+{X,A)^D+{y,A) 

Rh R.f*. 

which is a natural equivalence if / is proper. Base change isomorphisms are also constructed as before. 
Proposition 1.26. For any 2-Cartesian square of Deligne-Mumford stacks 

/' / 

with X and y of finite type and finite inertia over S , y' of finite type and finite inertia over some 
Noetherian scheme S' , f separated, the base change map 

g*RffM ^ Rf\h*M 

is an isomorphism for all M G D^(X,A). 

Proposition 1.27. Assume that S has finite dimension. Let f: X ^ y be a morphism of prime to m 
inertia of Deligne-Mumford S -stacks of finite type. 

(i) /, : Mod(A', A) — Mod(y,A) has finite cohomological dimension. 

(a) If f is a closed immersion, Rf' : D{y,A) — )> D{X,A) has finite cohomological amplitude. 
(Hi) Assume that A is annihilated by an integer m invertible on S. If f is separated of prime to m 
inertia, then Rf ". D{y,A) — )> D{X,A) has finite cohomological amplitude. 

Proof, (i) Up to replacing y be an etale presentation and X by the corresponding 2-pull-back, we may 
assume that 3^ is a scheme. In particular, if / is an open immersion, then the result follows from the 
case of schemes, which is a recent result of Gabber [Gab) . This implies (ii) by the distinguished triangle 
(|1.6.2|) . In the general case, we proceed by induction. Let j:L{ ^ X he a dominant open immersion 
with U separated over S and let i be a complementary closed immersion. Applying i?/* to ()1.6.2p and 
induction hypothesis to fi, we are reduced to prove that (/j)* has finite cohomological dimension. In 
other words, we may assume X separated over S. By the factorization 1 1 . lUl we are then reduced to two 
cases: (a) / is an open immersion; (b) / is proper. Case (a) is known and (b) follows from 1 1.141 

(ii) Already proved. 

(iii) We easily reduce to two cases: (a) / is a smooth morphism of schemes; (b) / is a closed 
immersion. In case (a), Rf' ~ f*{d)[2d], where d is the relative dimension. Case (b) is an instance of 
(ii). □ 

2 Operations on L>|;( A:', A) 

In 12.11 through 12. 7[ let 5* be a quasi-separated scheme and A be a Noetherian ring. 

2.1. On a Deligne-Mumford S-stack X, we say a sheaf £ Mod(A',A) is constructible if a* J- G 
Mod(A", A) is constructible for some (or, equivalently, for every) etale presentation a: X ^ X where X 
an S'-scheme. 

We say that a full subcategory of an abelian category is thick |KS06I 8.3.21 (iv)] if it is closed 
under kernels, cokernels and extensions. The full subcategory Modc(<Y, A) of Mod(A', A) consisting of 
constructible sheaves A-modules is thick. Let Dc{X,A) be the triangulated subcategory of D{X,A) 
consisting of complexes with constructible cohomology sheaves. 

Proposition 2.2. Let X be a quasi-compact Deligne-Mumford S-stack. Denote by Etqc(A') the full 
subcategory of Et(A') consisting of Deligne-Mumford S-stacks representable, etale and quasi-compact 
over X . Let J- be a sheaf of A-modules T on X. Then the following conditions are equivalent: 
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(a) J- is constructible; 

(b) For any epimorphism a: Ti = ®i^i^Ui,x Q, where Ui is an object o/Etqc(A') for every i G I, 

Q is either J- or the kernel of a map Av.x T , V is an object o/Etqc(A'), there exists a finite 
subset J C I such that J-j J-j —> Q is an epimorphism, where Tj = ®ji^jAuj,x', 

(c) J- is isomorphic to the cokernel of a map P^u,x ~^ Av,x, where Li and V are objects o/Etqc(A'); 

Here Ku.x is the sheaf defined in ll.3l 

Proof. Let f : X X he a, quasi-compact etale presentation where X is a scheme, 
(c) (a). Since f*h.u,x is constructible, so is Ku^x- 

(a) => (b). By the above, Q is constructible. Since f*a: f*J-i — ?> f*Q is an epimorphism, there 
exists a finite subset J C I such that f*J-'j — ?> f*Q is an epimorphism by the proof of SGA^, IX 2.7]. 
Then J- J — >■ f/ is an epimorphism. 

(b) =^ (c). Note that {^u,x)u <£Etqc{x) is a system of generators of Mod(A', A). Thus there exists an 
epimorphism 7v ^ J'- By (b), we may assume that / is finite. Then Tj ~ J^v,x, where V — YlieJ^'' ^ 
Etqc(A'). Applying the above argument to Q = Kcr(Av,A' J^), we get an epimorphism Ajj x G, 



Corollary 2.3. Let X be a quasi-compact Deligne-Mumford S-stack, J- be a constructible A-module 
on X. The functor HoniA'(J^, — ) : Mod(A', A) — > A commutes with small inductive limits. 

This follows from O and |SGA 41 VI 1.23]. 

Corollary 2.4. Let X be a quasi-compact Deligne-Mumford S-stack. Any A-module on X is a filtrant 
inductive limit of constructible A-modules on X. 

Proof. Fix an epimorphism J-/ = (BieiAi^.x ^ J', where Ui is an object of Etqc(A'), i E I. For every 
i G /, fix a surjection Tj. — >■ Ker(J^i — > J-). Then T is the inductive limit of Coker(7^B — )■ J-a), where 
{A, B) runs over pairs of finite subsets A C I, B C Uig/ "^i- '^^'^ pairs are ordered by inclusion. □ 

Corollary 2.5. Let X be a quasi-compact Deligne-Mumford S-stack. The functor 

lim: IndModclA", A) ^ Mod(A',A) 

is an equivalence of categories. 

This follows from [O and [231 

2.6. As in (SGA 41 XVIII 3. 1.2]. [2?5] allows us to construct the modified Godement resolution. Let X be 
a quasi-compact Deligne-Mumford S'-stack. For any sheaf J- of A-niodules on X, denote the Godement 
resolution of J" by C'{J-'). Define the modified Godement resolution to be 



commutes with small inductive limits and etale localization. 

Proposition 2.7. Let X be a Noetherian Deligne-Mumford S-stack. A sheaf of A-modules J- on X is 
constructible if and only if it is Noetherian. 

In particular, constructible sheaves on X are closed by subobjects and quotients. 

Proof. Let f : X ^ X he a quasi-compact etale presentation where X is an S'-scheme. If is con- 
structible, then f*T is constructible, hence Noetherian [SGA 41 2.9 (ii)]. It follows that is Noetherian. 
If T is Noetherian, then the sheaf G in 12.21 (b) is Noetherian by the above, thus is constructible by 



U G Etqc(A'). 



□ 



QiT) = limC'(J-,), 





□ 
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In the rest of this section, let be a regular scheme of dimension < 1. See 15.71 for a remark on this 
assumption. In l2.8l and l2.9[ let A be a Noetherian ring annihilated by an integer m invertible on S. 

Proposition 2.8. Let X be a Deligne-Mumford S -stack of finite type. The functor 

- ® - : D{X, A) X D{X, A) ^ D{X, A) 

sends D~ x D~ to D~ and 

KHomx ■■ D{X, A)°p x D{X, A) ^ D{X, A) 

sends iD-)°P x D+ to D+ . 

Proof. Take an etale presentation X — > X with X a separated finite type i'-scheme. It suffices to verify 



the assertions for A", which are classical SGA 4^ Th. fin. 1.6]. □ 



Proposition 2.9. Let f : X ^ y be a morphism of Deligne-Mumford S-stacks of finite type. 

(i) f* sends Dc{y,A) to Dc{X,A), Rf^^ sends A) to A). /// is of prime to m inertia, 
then Rf^ sends Dc{X,A) to D^iy.K). 

(a) If f is a representable and etale, then f\ hi .5]) sends Dc{X,h.) to Dc{y,K). 

(Hi) If f is a closed immersion, then Rf: D{y,A) D{X,A) U.6]) sends Dc{y,A) to Dc{X,A). 

(iv) Assume f is separated, X and y are of finite inertia. Then Rf^ sends D'^{X,A) to D'^{y,A). 
If, moreover, f has prime to m inertia, then Rf\ sends Dc{X,A) to Dc{y,A) and Rf^ sends Dc{y,A) 
to D,{X,A). 

Proof, (i) The result for /* is trivial. For i?/*, up to replacing y by an etale presentation and X 
by the corresponding pull-back, we may assume that 3^ is a scheme. In particular, if / is an open 
immersion, then the result follows from the case of schemes, which is classical |SGA 4^1 Th. fin. 1.3]. 
This implies (iii) by the distinguished triangle (|1.6.2I) . In the general case, we reduce by Chow's lemma 
and cohomological descent to the known case where X is also a scheme. 

(iii) This has been proved in the proof of (i). 

(iv) For Rf', we reduce to (iii) and the case of a smooth morphism of schemes. In this case, 
Rf- ~ /*(c?)[2c?], where d is the relative dimension of /. For and Rf\, by construction we are 
reduced to two cases: (a) / is an open immersion; (b) / is proper. Case (a) is clear while (b) is a special 
case of (i). 

(ii) Replacing y by an open covering, we may assume y separated over S. If {Ui,U2\ is an open 
covering of X, we have the Mayer- Vietoris distinguished triangle 

M3qK jvjIK ® j2<j2K ^K^, 

where ji : Ui ^ X is the open immersion, i = 0,1,2, Uq = Ui n U2, for any K G D{X, A). Thus we may 
assume X separated over S. It then suffices to apply (iv) and the comparison 11.211 □ 

2.10. In the rest of this section let A be a Gorenstein ring of dimension annihilated by an integer m 
invertible on S. The case of main interest is A = 0/m"+^, where O a complete discrete valuation ring 
of mixed characteristic and m is the maximal ideal of O. 

Let Q.S G D'^{S,A) be the object such that fls\T = A(dT)[2dT] for every connected component 
T of S, where dr — dimT. For any finite type and separated morphism a: AT — > of schemes, let 
rix = Ra fls G D'^{X,A). Define a triangulated functor 

Dx: D(A:,A)°p ^ D{X,A) 

by DxM ~ R'Hom{^{M, U,x). Let dx = maxsg5(dimXs + dg), where dg is the dimension of the closure 
of s in S. 
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Lemma 2.11. (i) The functor Dx induces a functor {D^ )°p — > whose cohomological amplitude is 
contained in [-2dx,0]- In particular, Vlx G -DL"^''-^'°' (X, A) and Dx sends (-Dc)°p to D^. 
(ii) fix is a dualizing complex for X \SGA 51 / 1.7]. 

In particular, Exf ^^x) = H'{X, Dx^x) ^ H'{X, A) = for all i < 0. 

Proof, (i) It follows fr om 12.81 that Dx sends (£'^7)°^ to The bound can be obtained similarly to 
the proof of |SGA Fin. 1.6]. In fact, for J" e Modc(A:, J"), to show DxT belongs to i:)[-2dx,o]^ 
may assume J- = j\Q, where j : y — > X is an immersion, Y is regular and connected and Q is a, lisse 
sheaf on Y. Then Dx3\Q ^ R3*DyQ by (fL3:2|) and 

{DYG)y = RnomA{gy,A{dY)[2dY]) 

for any geometric point y Y. We then apply the fact that has cohomological dimension < 2dy. 
(ii) It remains to show that for M S D ^{X, A), the map M — > DxDxM is an isomorphism. The 



proof is identical to the proof of SGA 4^ Fin. 4.3]. □ 



Let A" be a finite type Deligne-Mumford S'-stack. We apply the "BBD gluing lemma" |BBD82I 
3.2.4] to define a dualizing complex fix. For every etale morphism a: X ^ X with X a separated 
finite type S'-scheme, we associate fix- For any morphism f : X ~> Y between such morphisms, there 
is a canonical isomorphism f*ilY — > ^x- Since, for all X, nx belongs to DI-^'^^-"! (X, A), where 
dx = maxsg5(dim A's + ds), there exists a unique fix £ I?'"^'''^'^! (A", A) such that, for every etale 
morphism a: X — > A" with X a separated finite type S'-scheme, we have a*ftx — ^x- It follows that 
fix belongs to d[ ^''-^''^l. Define a triangulated functor 

Dx:D{X,A)°P ^ D{X,A) 

by DxM = RHomA{M, ilx). 

Proposition 2.12. (i) The functor Dx induces a functor {D^)°^ D^ whose cohomological amplitude 
is contained in [—2dx,0]. In particular Dx sends (-D^)°p to D^. 

(ii) For M G D^^{X,A), the natural map M — > DxDxM is an isomorphism. 

Proof. Take an etale presentation X ^ X with X a separated finite type S'-scheme. It suffices to verify 
the proposition for X, which is classical (|2.11l) . □ 

2.13. Let /: A" — > 3^ be a separated morphism of prime to m inertia of Deligne-Mumford S'-stacks 
of finite type. Assume either / is a closed immersion, or X and y are of finite inertia. The functor 
Rf : D{y, A) D{X, A) as defined in [H] and [TH preserves D^. The isomorphisms prO)) and (|1.23.2p 
give an isomorphism Dxf* ^ Rf'Dy of functors D{y,K) D{X,K). Using biduality (|2.12l (n)). we 
obtain an isomorphism of functors D^^{y, A) D'^{X, A): 

Rf ^ Rf-DyDy ~ Dxf*Dx. 

2.14. Let /: X y he a morphism of finite type Deligne-Mumford S'-stacks. Thanks to l2.12[ we can 
define a triangulated functor 

Rf'- : Dl{y, A) ^ D'^iX, A), N ^ Dxf*DyN. 

By I2.13[ this definition is compatible with 11.61 and 11.221 If / : A:" — > 3^ and g: y ^ Z are two such 
morphisms, then, by biduality, we have an isomorphism of functors D'^{Z,A) D'^{X,A): 

Rigf)' = DxigfTDz ~ Dxf*g*Dz ^ Dxf*DyDyg*Dz = Rf'Rg'-. 

If / is smooth, it follows from the construction of ilx and fly that fix — f*^y{d)[2d], where d is 
the relative dimension of /. It follows that (|1.8.ip induces an isomorphism f* {DyN){d)[2d] ~ Dxf*N 
for all iV e D(A,A). Thus 

Rf ^Dxf*Dy^f*{d)[2d]. 
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2.15. Let /: X y he a, morphism of prime to m inertia of Deligne-Mumford S'-stacks of finite type. 
Assume either (a) / is representable and etale, or (b) / is separated and X and y are of finite inertia. 
The functor Rf\ : D{X, A) -s- D{y, A) as defined in O and EIZ] preserves D^. The isomorphisms ([L3:2|) 
and (|1.23.ip give an isomorphism DyRf\ ^ Rf^^Dx of functors D{X,A) D{y,A). Using biduality 
(|2.12l (ii)). we obtain an isomorphism of functors Dl{X,A) Dl{y,A): 

Rf, ^ DyDyRf, ^ DyRf^Dx. 

2.16. Let /: A" ^ 3^ be a morphism of prime to m inertia between Dehgne-Mumford 5-stacks of finite 
type. Thanks to 12.121 we can define a triangulated functor 

Rf, : DliX, A) ^ Dliy, A), M ^ DyRf.DxM. 

By 12.151 this definition is compatible with both 11.51 and 11.171 If / : X ^ y and g: y ^ Z are two such 
morphisms, then, by biduality, we have an isomorphism of functors Z3^(A', A) — > 13^(3^, A): 

R{a!)\ = DzR{gf).Dx ^ DzRg*Rf*Dx ^ DzRg.DyDyRf.Dx ^ Rg\Rf\. 

3 Construction of L>c(^, O) 

In this section we fix a complete discrete valuation ring O. Let m = AO be the maximal ideal of O and 
A„ = 0/m"+i. 

3.1. Let <Y be a topos. Consider the topos X^ of projective systems (M, = (M„)„gN) of sheaves on X 
and the ring A, = (A„)„gN S X^^ whose transition maps A„+i — )• A„ are induced by the identity map 
on O. Let (tt*, tt*) : {X^ , A.) — > {X , O) be the morphism of ringed toposes defined by ■k*{F,) = lim^^ Fn 
and 7r*G' = (A„ ®o G)nm- 

For all n, let tn' X ^ Xf^ be the morphism of toposes defined by e~^(G,) = G„, (e„*F)q = F for 
q > n, and (e„*i^)q = {*} for q < n. It induces a flat morphism of ringed toposes (A", A„) {X^l,At). 
Note that e„*: Mod(A',A„) Mod(-YN,A.) is exact and e-^e„* = 1. For M G L»(A;^,A.), we 
denote e~^M by M„. The functor : Mod(A'^, A.) Mod(A', A„) admits a left adjoint e„! given by 
{en\F)q — Aq ®A„ F foi q < H and (e„!F)m = for q > n. The composition 7re„ : (A", A„) — > {X, O) is 
the ring change morphism and we often omit (7re„)* to simplify notations. 

We say that M G Mod(A'^, A,) is essentially zero if for every n > 0, there exists r > such that the 
transition map Mn+r Mn is zero. We say that M is AR-null [SGA 5| V 2.2.1] if, moreover, r can be 
chosen independently of n. The full subcategory 

AAc Mod(A'^,A.) 

consisting of AR-null modules is a thick subcategory closed by subobjects and quotients. We say that 
M G Mod(<Y^, A,) is preadic ("m-adic" in the terminology of [SGA 5| V 3.1.1]) if, for all n, the natural 
map An <8>A„+i Mn+i Mn is an isomorphism; AI G Mod(A:'^, A,) is AR-preadic ( "AR-m-adic" in the 
terminology of |SGA 51 V 3.2.2]) if there exists a preadic module N G Mod(A'^, A,) and a homomorphism 
N M with AR-null kernel and cokernel. 

Lemma 3.2. Let L,M G Mod(A'^, A,), L preadic. Then the localization map 

ilomMod{Xfi,A.}{L, M) HomMod(A'«,A.)/A/'(^'^'^) 

is an isomorphism. 

It follows that M G Mod(A'^, A,) is AR-preadic if and only if there exists a preadic module L G 
Mod(A:'N, A.), isomorphic to M in Mod{X^\ A,) / J\f . 
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Proof. Let J\f' be the full subcategory of Mod(A'^, tt ^O) consisting of AR-nuU systems in that category 
|SGA 51 V 2.2.1]. The functor 

Mod{X^\ A.) / M ^Mod{X^,n-^0) /J\f' 
induced by the inclusion functor is faithful. Thus it suffices to show that the localization map 

HomMod(A'N,A.)(-^'*^) iiomMod{x«,Tr-^o)/Ar'{L, M) 
is an isomorphism. By [SGA 5[ V 2.4.4 (iv)], we have 

i^omMod{xf\7,-^o)/^^'{L, M) ~ Ui^llomMod(x«,^-^o){L{r), M), 

where L{r) is the translation of L given by i(r)„ = in+r- Since L is preadic and M is a A,-module, 
the map 

induced by the transition map L(r) — > i is an isomorphism for every r. □ 

3.3. We say that M E D{X^,A,) is essentially zero (resp. AR-null) if T-CM is essentially zero (resp. 
AR-null) for all i. Let Dj\f be the full subcategory of D{X^,K,) consisting of AR-null complexes. It is 
a thick triangulated subcategory |Ric89[ 1.3]. 

Lemma 3.4. (a) For M EyioA{X ,0), n* M is preadic, Ti.'^ Lit* M is essentially zero, and 'H~'^Ltt*M = 
for q> 1. 

(b) For N G D{X,An), the natural map Lit* N en*N has AR-null cone. In particular, for 
N G Mod(A', A„), ■H-^Lii*N is AR-null. 

For M G D{X, O), the distinguished triangle 

Ltt*t-'^M Ltt*M -> L7r*r-'?+^M ^ 
induces the short exact sequence 

(3.4.1) ^ 7r*WM WLtt*M ■H^^Ltt*W+^M 

By (a), TT*WM is preadic and 'H~^Ltt*W+^M is essentially zero. 

Proof, (a) The first assertion follows from the isomorphism A„ '8>a„_|_i An+i ®a, M ~ A„ CSa, M . The last 
assertion holds because e~^T-L~'^LTi* M 2± Tor^(A„, M) = for g > 1. Consider the short exact sequence 
of TT^^O- modules — ?> ^ tt~^0 A, 0, where F — (C')mGN has transition maps Fm+i Fm 

given by O O, Fn (7r^^C')„ is given by O ^ > O. This sequence gives a Tr^^O-fiat resolution 

of A,. So 'H^^Ltt* M is a sub- tt^^O- module of F ^t^-io tt^^M, hence is essentially zero. 

(b) For N G Mod(A:', A„), 'H~^Ltt*N is a sub-7r-i0-module of tt-^A^, hence is AR-nuU. For 

the first assertion, by (a) we may assume N G Mod(A', A„). In this case 7r*A^ — >■ en*N is an epimorphism 
with AR-null kernel. □ 

The following is a variant of [EkeQOI 1.4]. 

Lemma 3.5. Let M G D-{X^,A,) be AR-null, N G D{X^\A,). Assume either M e or N e D- . 
Then M N is AR-null. 

Proof. We may assume M G Mod(A'^, A,). It then suffices to take a quasi- isomorphism N' — > N, where 
N' belongs to the smallest triangulated subcategory of K(Mod{X^'^ , A,)) stable under small direct sums 
and containing complexes bounded above with flat components. □ 
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Lemma 3.6. Suppose that X has enough points. Let M G Z?(<Y,A„) and N S D[X,0). Then the 
projection formula map 



en*M ®A. Ltt*N -j> e„*(M (g)^^ e,7^i7r*A^) 



is an isomorphism. 



Proof. We may assume that X is the punctual topos. Since e„* : Mod{X, A„) Mod{X^, A.) commutes 
with small direct limits, we may repeat the arguments in the proof of 11.151 (ii). □ 

Let /: A" — > 3^ be a morphism of toposes. It induces a flat morphism of ringed toposes 

(/f, (A'N,A.)^(3^^A.). 

The base change map Len\f* f^*Len\ is a natural equivalence of functors D(3^, A„) D{X^ , A,). 
By adjunction (I7.2ip . we have the following. 

Lemma 3.7. For all M e D{X^ , K,) , the base change map 

(3.7.1) e-^RffM ^ Rf^e-^M 
is an isomorphism. 

The case M g £>+ is a particular case of [SGA 41 V^'*' 1.3.12]. It follows also from the fact that 
the full subcategory Ix of Mod(A'^, A,) consisting of modules of the form en*I{n), where /(„) is an 
injective A„-module, is /^-injective. For / 6 Ix, I is injective and e~^I is injective for all n. 

The lemma implies that i?/^ preserves essentially zero complexes in and AR-null complexes in 
D+. 

The base change maps induce a natural transformation of functors D{X,An) I?(3^^, A,) 

(3.7.2) Lcr^iRf. ^ RffLcni. 

Lemma 3.8. (a) If M G D^{X^,A,) is essentially zero, we have Rtt^AI — 0. 

(b) For N e D^{X,An), the adjunction map N — > R'k^Lt:*N is an isomorphism. 

Part (a) is a particular case of jEke90| 1.1]. 

Proof, (a) Note that R'^tt^M is the sheaf associated to the presheaf {U FP^ {U^'^ , AI)) , where U runs 
over objects of X. Let a: [/ — > pt be the morphism of toposes from U to the punctual topos. Since 
Ra^M is essentially zero, RT{U^\ M) ~ RX^Ra^^M = 0. 

(b) By (a) and 13.41 (b). it suffices to show that the natural map N — )> Rn^en*N is an isomorphism, 
which is trivial. □ 

3.9. We define a functor 

(3.9.1) D{X^\ A.) ^ D{X^\ A.), M ^ M = Ln*Rn^M. 

Following Ekedahl [EkeQOI 2.1 (in)] we say that a complex M e D{X^\ A,) is normalized if the adjunction 
map M — )> M is an isomorphism in D{X^, A,). 

The following criterion is a variant of }Eke90| 2.2 (ii)] and plays an essential role in what follows. 

Lemma 3.10. Let M G _D(A'^, A,). Consider the following conditions: 

(a) M is normalized; 

(b) M ~ Ln*N for some N e D{X, O); 

(c) For all n, the natural map 

(3.10.1) A„ M„+i ^ M„ 

is an isomorphism. 



20 



Then (a) (b) (c). Moreover, if M £ _D+, then they are equivalent. 
In particular, for M £ D^{X^,A,), M is normalized. 

Proof, (a) =^ (b) By definition, M ~ Ltt*Rti^M. 

(b) =J> (c) We have M„ ~ A„ ®q N and p.lO.ip is induced by the isomorphism 

A« A„+i ®^ A A„ ®g N. 

(c) =^ (a) assuming M G To prove that M is normalized, it sufhces to show that the map 
e~^M — > Mn is an isomorphism for all n. This map is the composition 

(3.10.2) e'^.^M ^ A„ ®o Rt^*M ^ Rii*{L-K*Kn M) A Rn^e^^Mn ~ M„, 
where a is the projection formula map and /? is induced by the composition of 

(3.10.3) L7r*A„ (^^^ M ^ 7r*A„ (^^^ A'/ 
and the adjunction map 

(3.10.4) 7r*A„ (g)^^ M e„,e-^(7r*A„ «)^^ M) ~ e„*M„. 

Taking the resolution F — > A„, where F is the complex O O concentrated in degrees —1 and 0, 

we see that a is an isomorphism. Bv l3.4l (b) and 13.51 p.l0.3p has AR-nuU cone. By (c), 

A„ Mm Mn 

is an isomorphism for all m > n. It follows that p.l0.4p has AR-nuU cone. Note that L7r*A„ M 
and e„*M„ are both in 13+ . Hence /? is an isomorphism by 13.81 fa). □ 

Lemma 3.11. Let M G £'(A'^, A,) he normalized. Then the map 

Lti*t'^''Rtt^M T>°^I 

is an isomorphism. 

Proof. By 13.41 (a) , the map 

has essentially zero cone. By I3.10l and l3.8l fa), the maps 

Ltt*t^''Rti^M {Ln*T^''Rn^M)'^^ t>^I 
are isomorphisms. □ 
Proposition 3.12. Let M,N e D+(A'^, A.) be normalized. Then M N is normalized. 
Proof By assumption, M ~ Ln*M', N ~ Ln*N' for some M',N' e D+{X,0). Thus 

M^^^N L-K*M' (g)^^ Ltt*N' ~ Ltt*{M' ®^ N'). 

□ 

Proposition 3.13. Suppose X has enough points. Let N G Z3-"(A'^, A,) be normalized. Then 
(i) — ®K, N has cohomological amplitude > a — 1. 
(a) For all M G D+{X^,A,) AR-null, M (g)A. N is AR-null. 
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Proof. By assumption, N ~ Ltt*N' for some N' e D^''{X,0). Then M iV ~ M (8)^-ic tt-^N'. 
Then (i) foUows from the fact that — ®^-iq — has cohomological amphtude > — 1. For (ii), we are then 
reduced to the case M G D^, which is covered bv 13.51 □ 

Proposition 3.14. Let M e D{X^,A,), N e D{X^\A,). Suppose that either 

(a) M is normalized; or 

(b) the cohomology sheaves of M are preadic, M e and N 6 . 
Then the natural map 

e-^RHomA. (M, N) ^ RHomA„ (Af„, Nn) 

is an isomorphism. 

This is a variant of jLOOSbl 3.1.2]. 

Proof. Let j„ : A"-" — > be the morphism of toposes defined by j^^M — {Mm)m<n, {jn*N)m = 
for m < n, {jn*N)m — Nn for m > n. Let e',^ : X — > A"-" be the morphism of toposes defined by 
e'^~^N = iV„, ie'„,F)m = {*} for m < n, (e;,F)„ = F. Then e„ = i„e'„. Let 7r„: (;f^",A<„) -4 
(A", A„) be the morphism of ringed toposes given by 7r„» = e^i~^, {'^nP)m = Am ®a„ -F. 

In case (b), we may assume M e Mod(A'^, A,) is preadic, then 7r*M„ ^ j^^M. As observed in the 
remark fohowing [3T71 there is a quasi-isomorphism N I such that l'' and e^^I^ are injective for all fc 
and n. Hence it suffices to show that for any N e Mod(A''^, A,), e.^^HomA, (Af, A^) — > HomA„ (-/V/„, A^^) 
is an isomorphism. This is clear because the map is the composition 

en'HomA.{M,N) - e[-' j-^HomA.{M,N) ^ e'^-'nom^-i^^{j-'M,j-'N) 

^ 7r„,'HomA<„(7r*M„,j^^Af) ~ HomA„ (M„, 7r„,j;7^A^) ~ 'HomA„ (Af„, A^„). 

In case (a), L<Af„ ^ bv lXTU] Hence 

e-'RnomA.{M,N) = e'„~\j;^' RnomA,{M, N) ^ e'.^' RHom^-ij,^{j-' M, j-' N) 

□ 

Corollary 3.15. Let M e D-(A'^, A.) anrf A^ e A.) 6e normalized. Then 

R'HomA.{M,N) e D+{X^,A,) 

is normalized. 

Proof. Bv l3.10l and 13.141 we need to show that 

(3.15.1) A„ RnomA„^AMn+i,Nn+i) ^ RHomA,SMn, N^) 

is an isomorphism. By assumption, A„ (g)^ M' ^ M„, A„ (g)^ A^' A'n, where M' — i?7r,A/ and 
AT' = Rtt^n e i:>(A', e»). Thus p.lS.ip is isomorphic to 

A« ®A„+i i?^omA„+i(A„+i Af, A„+i A^') ^ i?HomA„(A„ 0^ Af', A„ ®g A^')- 

Therefore, it suffices to show that 

An Rnomo{M',N') -> i?HomA„(A„ 0^ Af', A„ ®^ A^') 
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is an isomorphism. This map is the composition of the map 

(3.15.2) A„ 0^ RHomo{M',N') RUomo^M' , K ®o 

and the adjunction isomorphism 

Rnomo{M', A„ (g)^ N') A RHomA^ (A„ ®o M', A„ (g)^ TV'). 

Taking the resolution F — >■ A„, where F is the complex O > O concentrated in degrees —1 and 0, 

we conclude that (|3.15.2p is an isomorphism. □ 

Proposition 3.16. Let N e D+{X^,A,) be AR-null and M e D{X^\A,). Assume that one of the 
following conditions holds: 

(a) Af e is normalized; 

(a') M is normalized and N G ; 

(h) M G D~ is of preadic cohomology sheaves. 

Then RHom\^{M, N) is AR-null. Moreover, if (a) or (h) holds, then 

i?HomA. (M, N) = 0. 

Proof. We may assume N G Mod(A:'^, A,). In case (b), we may assume M G Mod(A:'^,A,) is preadic. 
In all cases, by 13. 141 

e-^R-HomA, (A/, N) ~ RHomA,, (Af„, iV„), 

hence e~^£xt\^{M,N) ~ £xt\^{MmNn)- The transition maps of £xt\^{M,N) are induced by the 
canonical maps 

RnomA^{Mrn,Nm) ^ RnomA^{Mra, N„) ^ RHomA^{Mr,, N^) 

for m > n. In cases (a) and (a'), a is the composition 

RnomA,„{M^,Nn) A RHomA^An ®i„ M„,iV„) ^ i?-HomA„ (Af„, iV„). 

In case (b), a is the composition 

nomljM,n,N') A nomlJAn ®a^ M^.N') A Horn; JA^„, iV'), 

where N' is an injective resolution of Nn- In all cases, since N is AR-null, £xt\ {M,N) is AR-null for 
aU q, hence R'HomA.iM,N) is AR-null. Therefore, if A/ G , then 

iJHomA. (Af, N) ~ Rr{X, RT^^RUomA. (Af, A^)) = 

by ED (a). □ 

Corollary 3.17. Let M G D*'{X^'^, A,), N G D+(A'^, A,), Af either normalized or of preadic cohomology 
sheaves. Let Dj^ — Dj^ n D^{X^ ,At), where D^f is as in \3.3l Then the localization map 

llomjy+(^x«.A.)iM,N) Hom^+(^«^^^)/^+ (Af,iV) 

is an isomorphism. 
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Proof. Wc have 

Hom^+(^^^)/^+ (M,iV) ~ lii^ ilomD+(^x«.A.)i^'^'^')^ 

s: N^N' 

where s runs over maps in D^{X^\ A,) with cone in D^. For every such s, it follows from l3.16] that the 
map 

induced by s is an isomorphism. □ 
Proposition 3.18. Let f: X ^ y be a morphism of toposes. The functors 

preserve normalized complexes. 

Proof. The assertion for /* follows trivially from 13. 10] For i?/*, consider the square of ringed toposes 

{X^,A,)^^{X,0) 



f 



iy'*,A,)^^iy,o) 

Bv l3.101 it suffices to show that, for all M G D{X, O), the base change map 

L-KyRfM Rf^LirxM 
is an isomorphism. By 13. 7[ it suffices to show that the projection formula map of D{X,An) 
(3.18.1) A„ i?/*M ^ i?/*(A„ M) 

is an isomorphism. It then suffices to take the resolution F ^ An, where F is the complex O > O 

concentrated in degrees —1 and 0. □ 

3.19. Let U be an object of X and U = X/U. Then Z^^* can be identified with X^/U^\ Consider the 
morphism of toposes j:U X. The functor jf : Mod{U^,A,) Mod(A'f*,A.) is a left adjoint of f* 
and is exact. It induces a triangulated functor jf^ : D{U^'^,A,) — !> D{X^ , A,). The base change map 

(3.19.1) j.e-' ^ 6^1/ 

is a natural equivalence of functors D{U^,A,) — > D{X,An). In particular, jf' preserves AR-nuU com- 
plexes. Moreover, we have a natural equivalence of functors D{U,An) — >■ D{X^,At) 

(3.19.2) /ie„, ^ Le„,j,. 

It follows from 13. 10] and projection formula (I1.3.3P that jf^ preserves normalized complexes in Z)+. 

Proposition 3.20. Let — ?> i — > A/ — s> — > be a short exact sequence in Mod(A''*', A,) with L and 
N AR-preadic. Then M is AR-preadic. 

This is a variant of |SGA 5| V 5.2.4]. In loc. cit., one assumes moreover that L„ is Artinian for all n. 
This condition is seldom satisfied. Indeed, if there exists a nonzero Artinian A„-module for some n on 
a scheme X of finite type over a field, then X is necessarily an Artinian scheme. 
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Proof. As in loc. cit., we use the reductions in the proof of [SGA 5[ V 3.2.4 (ii)] as follows. Let M' 
and N' be the universal image systems of M and N, respectively. Since L and N satisfy the Mittag- 
Lcfflcr-Artin-Rees condition jSGA 5| V 3.2.3], M satisfies this condition too |SGA 5\ V 2.1.2 (ii)]. So 
the monomorphisms M' M and N' ^ N have AR-null cokernels. Let L' — Ker(M' N'). Applying 
the snake lemma to the diagram 

^ L' ^ M' ^ N' ^ 



^ L ^ M ^ N ^ 

we see that L' — i is a monomorphism with AR-null cokernel. Therefore, we may assume that M and 
N are strict. 

For r > 0, consider the functor : Mod(A''*,A.) Mod(A'N,A.) defined by (T^F)„ = A„ (g)A„^^ 
Fn+r- For F strict, the epimorphism T^F — )• F has AR-null kernel. Since N is AR-preadic, there exists 
an r > such that TrN is preadic jSGA 5[ V 3.2.3]. Let L" = KeriTrM TrN). Applying the snake 
lemma to the diagram 

^ L" ^ TrM ^ TrN ^ 



^ L ^ M ^ N ^ 

we see that L" — > L has AR-null kernel and cokernel. Therefore, we may assume that M is strict and 
A'' is preadic. 

In this case, L is strict j5UA 5i V 3.1.3 (ii)]. Choose r > such that T^L is preadic. Then we have 
an exact sequence 

^ T ^ TrL ^ M ^ N ^ 0, 
where T — Ker{TrL L) is AR-null. We are therefore reduced to the following lemma. □ 

Lemma 3.21. Let O^T^L^M-^N^O be an exact sequence in Mod(A''^, A.) with T AR-null, 
L and N preadic. Then M is AR-preadic. 

Proof. We decompose the exact sequence into two short exact sequences 

(3.21.1) O^T^i^g^O 
and 

(3.21.2) ^ Q ^ M ^ N ^Q. 

Using p.21.1[) and 13.161 (b). we obtain an isomorphism 'EjyA\^{N,L) ^ Ext]^^ (A^, Q). Taking a repre- 
sentative of the preimage of the class of p.21.2p . we get the 9-diagram 





^ L ^ M' ^ N ^ 



^ Q ^ M *- N *- 
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Since L and TV are preadic, M' is also preadic jSGA 51 V 3.1.3]. 



□ 



3.22. We say that M e Mod(A''*', A.) is adic ("Noetherian m-adic" in the terminology of [SGA 5[ V 
5.1.1]) if M is preadic and, for all n or, equivalently, for some n, M„ is Noetherian; M G Mod(A:'^, A,) is 
AR-adic if there exists an adic module N g Mod(A'^, A,) and a homomorphism N M with AR-nuU 
kernel and cokernel. Bv l3.21 M is AR-adic if and only if there exists an adic module N S Mod(A'^, A,), 
isomorphic to M in Mod(A'^, K,)/M. Note that we do not assume M„ to be Noetherian, hence our notion 
of AR-adic modules is more general than the notion of "Noetherian AR-m-adic projective systems" in 
|SGA 51 V 5.1.3]. Let Moda(A'N, A.) (resp. MoAAR-a{X^\ K)) be the fuU subcategory of Mod(A'N, A.) 
consisting of adic (resp. AR-adic) modules. 

Proposition 3.23. The category Modyii?_a(A'^, A,) is a thick subcategory V2.1]) o/ Mod(A'^, A,), that 
is, a full subcategory closed by kernel, cokernel and extension. 

Proof. Using the same methods as in [SGA 5[ V 5.2.1], one shows that Modyiii;_a(<-f'*, A,) is stable by 
kernel and cokernel. Using the same reductions as in the proof of 13.201 one deduces from 13. 2T] that this 
subcategory is also stable by extension. □ 

Define Mode (A", O) to be the quotient 

M0dc{X,O) = MoAAR-a{X^\K)/M. 

Bv l3.21 the composition 

ModaCA''^, A.) A ModAfl,_<j(A'^, A.) ^ y[od^{X,0) 
of the inclusion functor l and the localization functor -0 is an equivalence of categories. Let 

be the composition of l and a quasi-inverse of in. By 13. 2[ is a left adjoint of V'- Note that is not 
left exact unless X is empty. By [SGA_5| V 5.2.3], Modc(A', O) is a Noetherian category. 

Denote the category of Noetherian A„-modules on X by Modc(A', A„). For M e Mode (A", O), 
N e Modc(A', A„), we have 

HomMod,(A-,A„)(e,;;'V^^,^) - HomMod,(A',o)(^^,e„,iV). 

Moreover, e'Ven* ^ e~V* ~ 1. Thus e„, : Modc(A',A„) ^ MoAc{X,0) is fully faithful. Define 
A„ ®o M = e~-^(f)M. The family of functors 

(A„ ®o - : Mod,{X, O) ^ Modc(A', A„))„g„ 

is conservative. 

We say M G Moda(<^^,A,) is locally constant if M„ is locally constant for all n. We say M S 
Modc('^, O) is lisse if it is in the essential image of locally constant adic modules. For any n, this is 
equivalent to A„ M being locally constant. 

3.24. We say that M e D{X^\ A.) is AR-adic liWM is AR-adic for all i. Let DAR-a{X^\ A.) be the full 
subcategory of D{X^,K,) consisting of AR-adic complexes, which is a thick triangulated subcategory 
|Ric89l 1.3]. Define D*{X,0) to be the quotient 

DUX,0)=D*Aj,_,{X'\A,)/Dlr, 

where * e {0,-1-, &}, D\i^_^ = DAR-aC^D*, D*j^ = D^f^D*, Dj\f as in l3.3l The inclusion functor induces 
a faithful functor D+{X,0) Dc{X,0) and a fully faithful functor DI{X,0) -J- Dt{X,0) [KSOBI 
10.2.6]. The functor Modc(A:',C') Dl{X,0) induced by the inclusion functor MoAAR-a{X^ , K) 
DAR.a{^^\^») is fully faithful by [Sj and EUl 

By[3J](a), the restriction of the functor (|3.9.1I) M ^ M to D+ factors to give a functor D+{X, O) 
D^{X^,A,), called the normalization functor, that we still denote by Af i— > M. 
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In the rest of this section, assume that X has enough points. We say that M G Mod(A''*', A,) is 
AR-torsion-free if Ker(M ^ M) is AR-nuU. 

Lemma 3.25. Let M G Mod(A:''*', A,) he preadic and AR-torsion-free. Then M is flat. 

Proof. We may assume that X is the punctual topos. Then M' = ^im^ Mn is a torsion-free, hence flat 
O- module and M„ ~ A„ ®a M'. □ 

Proposition 3.26. Let M e D+{X^\A,) be AR-adic. Then the cone of M M is AR-null and 
Ti'^Mn £ Mod(A:', A„) is Noetherian for all q and n. In particular, M is AR-adic. If, moreover, 
M G £|[°'''l(A'f*,A.), then M belongs to D'^''-^'''\X^\K,). 

This is similar to |LO08bl 3.0.14]. 

Proof. We may assume M G Mod(A:''^, A.) AR-adic. From the fact that Modc(A:', O) is Noetherian, one 

deduces that there exists n > such that M' ~ Im(Af > M) is AR-torsion-free. Since M sits in the 

short exact sequence ^ M" M ^ M' 0, where M" = Ker(M A/), we are reduced to the 

following cases 

(a) M is AR-torsion-free. 

(b) M is annihilated by A"+^ for some n > 0. 

In both cases, let F — i> M be a homomorphism of AR-null kernel and cokernel with F adic. Then the 
induced map F ^ M is an isomorphism. Therefore, to see that M — ?> M has AR-null cone, that W^Mn 
is Noetherian for all q and n, and that M belongs to D^~^'^\ we may assume moreover that M is adic. 

In case (a), M is fiat byg^Sl hence normalized bv lXTUl that is M ^ M. In case (b), M ~ tt*N, 
where N = M„ G Mod(A:', A„) is Noetherian. By [33] (b), the cone C of LTr*N Tr*N is AR-null. 
Hence, bv l3.8[ the composition N — > Rtt^.Ltt*N Rtt^tt*N, where the first map is the adjunction map, 
is an isomorphism. Applying Ltt* on both sides, we obtain L-k*N ^ M . Note that L'k*N belongs to 
and, by the proof of [3H e:;;^WLTT*N is a subquotient of N, hence is Noetherian, for all q and 
n. Hence M belongs to D^-^'°^X^ , A,) and WMn e Mod(A',A„) is Noetherian for all q and n. The 
cone of M M is isomorphic to C, which is AR-null. □ 

Corollary 3.27. Let M G D+{X^\A,) be normalized. Then, for any n, M is AR-adic if and only if 
T-U^Mn is Noetherian for all q and n. 

Proof If M is AR-adic, then H«M„ ~ WMn is Noetherian byE^l Conversely, if WM^ is Noetherian 
for all q, wc first show that belongs to and is AR-adic for all q. The short exact sequence 

(|3.4.ip for Rtt^,M induces a short exact sequence 

^ M' ^ WM M" 0, 

where M' is preadic and M" is essentially zero. Since is Noetherian, M' is adic. By 13.81 (a). 
Him ~ M'. The latter belongs to and is AR-adic bv IX^ The distinguished triangle 

T^9M M T^??+li\.f 

induces a short exact sequence 

^ n"WM nm n-^w+^i o. 

Thus WM is AR-adic. □ 
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3.28. Let -Dnorm be the full subcategory of D^j^_^{X^\ A,) consisting of normalized complexes and let 
^norm — ^norin ^ ■ Bv l3.26i tlic normalization functor 

is a quasi-section of the composition 

Dtorn. ^ D+j,_^iX'',A,) ^ DtiX, O) 

of the inclusion and localization functors. In particular D'^{X, O) is a il-category, where il is the fixed 
universe. Thus, by 13.171 the composition 

is an equivalence of categories, and the normalization functor is a quasi-inverse. Moreover, the compo- 
sition of the localization functor and i is a left adjoint of ij). 

Let D+^^^i^X, O) (resp. O)) be the essential image of D\'^_1{X^ , A.) (resp. D^%^_^{X^'* , A.)) 

in D+{X,0). Then M G D+{X,0) belongs to D+^^''{X,0) if and only if M e D^'' {X^^ , K,) . For 
M G D+^^''{X,0) and N e D^''+^{X,0), 

Hom^+(^o)(M,7V) =0. 

In fact, we may replace M by M and ^ by iV' G D^''+^ (X^ , A,) . It then suffices to applv IXTTl Thus 
is a t-structure. The cohomological amplitude of the normalization functor M i— > M is 
contained in [—1,0] and is not unless X is empty. 

For M e D^^{X,0) and N G D+{X,0), define KRomo{M,N) = RRomAjM , N). By EH this 
gives a functor 

i?Homo(-, -) : D^iX, 0)°p x D+{X, O) D+{0), 

where D+{0) is the derived category of O-modules. Bv lXTTl for M G D^^{X,0) and N G D+{X,0), 
we have 

H°RlioTJio{M,N) ~ Hom^+(^ ,^)(Af,iV). 

Let D'^{X,An) be the full subcategory of D^{X,An) consisting of complexes with Noetherian co- 
homology sheaves. For M G D''^{X, O), N G D+{X,A„), we have 

Hom£,+ (;t. A„)(e;^^*^,^) ^ Hom^+(^_(^)(A/,e„,iV). 

For N G D'l.{X,A„), e-^e^N ~ e-^L'K*N ~ N. Thus e„, : D''^{X,An) ^ Dl{X,0) is fully faithful. 
For N G D+{x, O), define A„ 0^ iV = e~'^N. The functor 

A„ ®g - : i^+lA", O) ^ i^+lA", A„) 

is conservative. 

4 Operations on 

In this section, let 5 be a regular scheme of dimension < 1, O be a complete discrete valuation ring of 
residue characteristic £ invertible on S. See 15.71 for a remark on the assumption on S. As in § 3, let 
A„ — O/m", where m is the maximal ideal of O. Let A" be a finite type Deligne-Mumford S'-stack. We 
apply the formalism of § 3 to X^t- Recall (|2.7p that, for any n, M G Mod(A', A„) is Noetherian if and 
only if M is constructible. 

Proposition 4.1. Let M, N G D+{X^'\ A.) he AR-adic. Suppose that N is normalized. Then M ^j^^ N 
is AR-adic. 
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Proof. By [3:261 and [XT31 ai). we may assume M normalized. Then, by [3l^ and [XT3l fi) . M N 
belongs to Z)+ and is normalized. By I3.27[ Af„ and Nn belongs to Dc for all n. Hence, by I2.8[ 
e-i(M N) ~ Mn Nn belongs to Dc for all n. Therefore M (g)^^ N is AR-adic byESZl □ 



For M £ D+{X^\A,) AR-adic and N e D+{X, O), define 

M (g)^ iV = M (g)^. A^. 

By 14.11 and 13.131 this giyes a functor 



Using this definition, for A^ e D^{X, O), the projection formula 

(e„*A„) g)^^ iV ^ en*en^N 

can be reformulated as 

(e„H.A„) ®^ A^ ^ e„H.(A„ g)^ A^). 

Proposition 4.2. Let A/ G D^{X^\A,) be normalized and AR-adic, N e D+{X^,A,) be AR-adic. 
Then RnomA.{M,N) e D+{X^\A,) is AR-adic. 

Proof. Up to replacing M by t^'^M ~ Lti*t^°- Rtt^M (P1T|) . we may assume A/ G Z?''. By 13.261 and 
13.161 we may assume A normalized. Then, by 13.151 RTLoniA^ ( Af, A^) is normalized. By 13.271 Mn and 
Nn belongs to Dc for aU n. Hence, by l3T4l and [ZB en^RnomA.{M, N) ~ RnomA^{M„, Nn) belongs 
to Dc. Therefore RUorriA. (Af, A^) is AR-adic by ESU □ 

For M e Dl{X,0) and A^ G D+{X^,A,) AR-adic, define 

RHomo{M, N) = RHoniA. (M, N). 

By 14.21 and 13.161 this giyes a functor 

R-Homoi-, -) : D^X, 0)°p x D+{X, O) ^ D+{X, O). 

Proposition 4.3. (i) For all M,N G D+{X, O), the map 

An (g>^ (M (g)^ A^) 2± (A„ (g)^ M) g)A„ (A„ g)^ N) 

is an isomorphism. 

(ii) For all M G DI{X , O), N e D+{X, O), the map 

An g)o Rnomo{M, N) -j> RUomA^ (A„ g)^ Af, A„ g)^ A^) 

is an isomorphism. 

Proof, (i) By [3?26l we may assume that Af, A^ G i:'+(<Y'*', A.) are normalized. Then Af g)^^ N is 
normalized by I3.12l and the assertion is trivial. 

(ii) By [3261 we may assume that Af G D^{X^,A,) and N G D+iX^'^.A,) are normalized. Then, by 
13.151 R'Hom\^{M, N) is normalized. Hence the assertion follows from l3.14l □ 

Let f : X — > 3^ be a morphism of Deligne-Mumford stacks, y of finite type oyer S, X of fi- 
nite type oyer a regular scheme S" of dimension < 1. It induces a flat morphism of ringed toposes 
(/f,/"*): ('^'ouA.) (3^e^t,A.). The functor : D{y^\A,) D{X^\A,) preserves AR-null com- 
plexes and AR-adic complexes. It induces /* : £'+(3^,0) ^> D'^{X,0) of cohomological dimension 0. 
For N G D+{y, O), the map 

r(A„g)^ A^) ^ A„ g)^ f*N 

is an isomorphism. In fact, the map f^^*N f*N is an isomorphism. 

Assume 5" = S. The functor f?/f: D{X^\A,) D{y^\A,) preserves AR-null complexes in D+ by 

1X71 
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Proposition 4.4. The functor Rf^ preserves AR-adic complexes in Z?+ . // / has prime to £ inertia, 
then has finite cohomological dimension. 

In particular, Rff indu ces E/ ^ : D+{X,0) D+{y,0). If / has prime to £ inertia, then Rff 
preserves smah direct sums |KS06I 14.3.4 (ii)] and Rf^ sends D''^{X,0) to D''^{X,0). 

Proof. Let M E D^{X^, A,) be AR-adic. To prove that Rf^M is AR-adic, we may assume M normal- 
ized. Then M is normahzed bv lXTSI Bv lX?7l M„ belongs to for aU n. Hence, bvlXTlandl^fi). 
e-'^Rf^M ~ i?/*M„ belongs to for aU n. Therefore Rf^M is AR-adic byE^Il The last assertion 
follows from 13.71 and the fact that the cohomological dimension of /* : Mod(A:', A„) — )• Mod(3^, A„) does 
not depend on n. □ 

Proposition 4.5. For all M £ D'^{X,0), the map 

A„ (g)^ RfM RMAn ®o M) 

is an isomorphism. 

Proof. Bv l3.261 we may assume that M e D'^{X^,A,) is normalized. Then, bv l3.18[ Rf^M is normal- 
ized. Hence the assertion follows from 13.71 □ 

Proposition 4.6. (i) (Base change) Let 

/' / 

be a 2-Cartesian square of Deligne-Mumford stacks with X and y of finite type over S. Assume that 
one of the following conditions holds: 

(a) f is proper and y' is of finite type over a regular scheme S' of dimension < 1. 

(b) g is .smooth and of finite type. 
Then the base change map 

g*Rf^M -> Rflh*M 

is an isomorphism for all M G D'^{X, O). 

(ii) (Projection formula) Let f : X ~¥ y he a proper morphism of Deligne-Mumford S -stacks of finite 
type, M e D+{X,0), N e D+{y,0). Then the map 

N ®^ RfM Rf*{f*N ®^ M) 

is an isomorphism. 

Proof, (i) ByEIZl the proper or smooth ((TTl) base change map g^*RffM -J> Rfyh^*M is an isomor- 
phism. 

(ii) By (i) , we may assume that y is the spectrum of a separably closed field. As in the proof of l3.26l 
we may assume N ~ Ltt*K, where K is a finite O-module. Replacing if by a finite free resolution, the 
assertion becomes clear. □ 

Proposition 4.7. Let f : X y be a morphism of Deligne-Mumford stacks, y of finite type over S. 
Let M G -De (3^1 j ^ -D(^(3^, O). Assume that one of the following conditions holds: 

(a) The cohomology sheaves of AI are lisse iS. 23\) and X is of finite type over some regular scheme S' 
of dimension < 1. 
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(b) f is smooth and of finite type. 
Then the map 

f*Rnomy{M,L) ^ Rnomx{f*M,f*L) 

is an isomorphism. 

Proof, (a) As in the proof of 13.261 we may assume that M = F, where F e Mod(A'^, A,) is adic and 
either flat or annihilated by A"+^ for some n. In both cases, F is locally constant and it follows that 
the cohomology sheaves of e~^M are locally constant. The assertion then follows from 13.1^ 

(b) We may assume M and L normalized. The assertion then follows from 1 3 . 1 4l and [L8] □ 

Let p: X y he a, proper morphism of Deligne-Mumford 5-stacks of inertia type. If p has prime 
to £ inertia and the fibers of p have dimension < d, then p^ has cohoniological dimension < 2d. 

Lemma 4.8. Let p: X ^ y he a proper morphism of prime to i inertia of Deligne-Mumford S-stacks 
of finite type. For all M G _D(A', A„), the map (|3.7.2p 

Len\Rp*M Rp^Len\M 

is an isomorphism. 

Proof. Bv l3.7l it suffices to show that the map 

K ®K„ Rp*M Rp*{Aq M) 
is an isomorphism for q < n, which is projection formula II. 151 (ii). □ 

4.9. Let j : U ^ X he a,n etale representable morphism of finite type Deligne-Mumford ^-stacks. Then 
13.191 applies and we have jf*: D{l{^,A,) D{X^,A,). It follows from (|3.19.1I) and projection formula 
(|1.3.3p that jf' preserves AR-null and normalized complexes. 

4.10. We construct i?/,^ by gluing as in 11.171 Let C be the 2-category of Deligne-Mumford S'-stacks 
of finite type and finite inertia whose 1-cells are the separated morphisms of prime to £ inertia, A be 
the 2-faithful subcategory whose 1-cells are the open immersions, B he the 2-faithful subcategory whose 

1- cells are the proper morphisms, V he the 2-category of triangulated categories. Let Fj[ : A ^ V he 
the pseudo-functor 

X ^ D{X^\ A.), j ^ jf, a ^ af, 
and i^e : B ^ V he the pseudo-functor 

X^D{X^,A,), p^Rp^, a^^i?a^ 

If / is a proper open immersion, let p{f) he the inverse of the 2-cell (|1.5.ip fj'^ => Rff. If I? is a 

2- Cartesian square (TtXTI) . let Gr,: ifRq^ => Rp^jf be the 2-cell as in (ILO) . Bv 17:231 {Fa,Fb,G,p) 
is an object of GD^ i^{C,T>). Ev il. 131 it defines a pseudo-functor F: C ^ V. For any 1-cell of C, define 

Rfl': DiX'\A.)^Diy^,A.) 

to he F{f). If the fibers of / have dimension < d, then Rff^ has cohomological amplitude contained in 
[0, 2d]. If / is representable and etale, then i?/,^ coincides with ff ()4.9|) as in ll.211 

We construct the support- forgetting map Rff^ Rff, the base change isomorphism and the pro- 
jection formula isomorphism by gluing as before. We construct two more isomorphisms by gluing. We 
define a pseudo-natural transformation e: F ^ Fn with e{X) = e* by gluing the inverse of (I3.19.ip 
for A and (I3.7.ip for B, which is possible bv 17.241 and 17.251 We define a pseudo-natural transformation 
iy. Fn F with 1^{X) — Leni by gluing the inverse of p.l9.2p for A and 14.81 for B, which is possible by 
17.231 We have obtained the following. 
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Lemma 4.11. Let f: X ^ y be a separated morphism of prime to £ inertia of Deligne-Mumford stacks 
of finite type and finite inertia. Let M £ D{X^ ,A,), N £ D{y^'' , A,). Then the maps 

(4.11.1) e-^Rf!^M Rf!^e;;^M, 

(4.11.2) Len\Rf\N RffLen\N 

are isomorphisms. 

It follows from (|4.11.ip that Rff^ preserves AR-null complexes. It follows from (|4.11.ip and projection 
formula 11.181 (ii) that Rff preserves normalized complexes in Z?+ . It also follows from (|4.11.ip that 
Rff^ commutes with small direct sums, hence, by |KS06I 14.3.1 (ix)], admits a right adjoint 

Rf^-: D{y^\K,) ^ D{X^\K,). 

4.12. Let f : X ^ y he a. morphism of prime to £ inertia of Deligne-Mumford 5-stacks of finite type. 
Assume either (a) / is representable and etale; or (b) / is separated and X, y are of finite inertia. Then 
Rff is defined in l4.9l and 14.101 We prove as in 14.41 that it preserves AR-adic complexes. It induces 

Rfr. Dt{X,0)^Dt{y,0), 

which sends to D^. 

4.13. Let f : X ^ y he a. separated morphism of Deligne-Mumford 5-stacks of finite type and finite 
inertia. We define 

Rff;D+(y^,K,)^D+{X'\K,) 

by gluing for j an open immersion and Rp^^ for p proper as in ll.251 If / is of prime to I inertia, then 
we obtain the restriction of Rf^ to . We construct the support- forgetting map Rfl^ Rf^* and the 
base change isomorphism by gluing as before. Moreover, we glue (|3.7.1|) and the inverse of p.lQ.ip and 
obtain the following. 

Lemma 4.14. Let f: X ^y be a separated morphism of Deligne-Mumford S-stacks of finite type and 
finite inertia, M G D~^{X^,At). Then the map 

e-'RffM ^ Rffe-Hl 

is an isomorphism. 

In particular, Rf^ preserves AR-null complexes. It follows from 13. 18] and projection formula (|1.3.3p 
that Rf^ preserves normalized complexes. One checks as in 14.41 that it preserves AR-adic complexes. 
Thus it induces 

Rf^:DtiX,0)^Dt{y, O), 

endowed with a support-forgetting map => i?/* which is a natural equivalence if / is proper. If / 
is of prime to t inertia, then is simply Rf\ . 

4.15. Let i: y ^ X he a, closed immersion of finite type Deligne-Mumford S'-stacks. The fimctor 
i^- : Mod{X^\ A.) ^ Mod(y'^, A.) is a right adjoint of i^, and thus is left exact. Let Ri^' : D{X^, A.) ^ 
D{y^\A,) be its right derived functor. This is compatible with the definition following 14. Ill 

Let j : U X he the complementary open immersion. For any complex M of A, -modules on X^'^ , 
we have a natural short exact sequence 

^ jff*M ^ M ^ iy*M ^ 0, 

hence a distinguished triangle in D{X^\A,) 

(4.15.1) jff*M ^ iy^*M ^ . 
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For any complex N of injective A, -modules on we have a natural short exact sequence 

^ ^y■^N -^N^ j^f*N ^ 0, 
hence, for any N e D{X^ ,A,), a distinguished triangle 
(4.15.2) i^'^m'^-N -^N^ i?jr/*iV ^ . 

Combining the isomorphisms induced from 14.8] and (j4.11.2p by adjunction, we have the following. 

Lemma 4.16. Let f: X ^ y be a separated morphism of prime to £ inertia of Deligne-Mumford S- 
stacks of finite type. Assume either f is a closed immersion, or X and y are of finite inertia. Then, 
for all M e Diy^,A,), the map 

e-^Rf-M Rf'e-^M 

is an isomorphism. 

It follows that Rf^' preserves AR-nuU complexes. 

Proposition 4.17. In the situation of \4.16\ i?/^' preserves normalized complexes in £)"*". 

Proof. The problem being local for the etale topology on X and y, we reduce to two cases: (a) / is 
a closed immersion; (b) / is a smooth morphism of schemes. Case (a) follows from the distinguished 
triangle (|4.15.2p . Case (b) follows from the fact that Rf^' ~ f^^*{d)[2d], where d is the relative dimension 
of/. □ 

One checks as in 14.41 that Rf^' preserves AR-adic complexes. It induces 

Rf: Dt{y,0)^D+{X,0), 

which sends to Dj. 

As in 14.51 we have the following. 

Proposition 4.18. Let f be a morphism of Deligne-Mumford S-stacks of finite type, M e D'^^X^O), 
N GD+{y, O). 

(i) If f is representable and etale, then the map 

A„ (»g iJ/iM ^ i?/,(A„ ®^ M) 

is an isomorphism. 

(a) If f is separated, X and y are of finite inertia, then the map 

An ®o ^ i?/t(A„ ®^ M) 

is an isomorphism. 

(Hi) If f is as in \4-.16[ then the map 

An ®^ Rf-N^Rf'{A„ ®g N) 

is an isomorphism. 

4.19. Let i: y ^ X he a. closed immersion of Deligne-Mumford S'-stacks of finite type, j: U — > A" be 
the complementary open immersion. For M G D^{X,0), (I4.15.ip and (I4.15.2p induce distinguished 
triangles 

j\j*M -> M iJ*M 
i^Ri-M M Rj^fM . 
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Theorem 4.20. (i) (Base change) Let 

f f 

be a 2-Cartesian square of Deligne-Mumford stacks, f separated, X and y of finite type and finite inertia 
over S, y of finite type and finite inertia over some regular scheme S' of dimension < 1. Then, for all 
M e D+{X,0), the map 

g*Rf^M Rf\h*M 

is an isomorphism. 

(ii) (Projection formula) Let f : X ^ y be a separated morphism of Deligne-Mumford S-stacks of 
finite type and finite inertia, M G D^{X, O), N G D^{y, O). Then the map 

N (8)g Rf^M Rf^{f*N ®g M) 

is an isomorphism. 

Proof, (i) This follows from the constructfon l4.13] 

(ii) By (i) we may assume that y the spectrum of a separably closed field. We may assume fur- 
thermore N = Ln*F, F an O- module of finite type. It then suffices to take a finite free resolution 
of i^. □ 

The base change isomorphism constructed in 14. 101 induces the following by adjunction. 

Proposition 4.21. Let 

X'^X 

/' / 

y^^y 

be a 2- Cartesian square of Deligne-Mumford S-stacks of finite type and finite inertia, g separated of 
prime to £ inertia. Let M G D^(X, O). Then the map 

RfiRh-M Rg Rf^M 

is an isomorphism. 

The isomorphisms ([L3?2|) . (|1.23.1|) . ([LO]) and (|1.23.2p induce the following. 
Proposition 4.22. Let f be a morphism of Deligne-Mumford S-stacks of finite type, K G D^^{X,0), 

LeD+{y,o), M&Dl{y,o). 

(i) If f is representable and Stale, then the map 

RHomy{Rf,K,L) Rf.,R'Homx{KJ*L) 

is an isomorphism. 

(ii) If f is separated of prime to i inertia, and X and y are of finite inertia, then the map 

RUomyiRfxK, L) Rf^R'Homx{K,Rf L) 

is an isomorphism. 

(Hi) If f is as in \4-.lb\ then the map 

RHomx{f*M,Rf-L) Rf-R'Homy{M,L) 

is an isomorphism. 
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4.23. Let ils e D'Xj^_^iS^ , A,) be the object such that f7s|T = A,{dT)[2dT] for every connected 
component T of S, where dr — dimT. Then Vis is clearly normalized. For any scheme X separated of 
finite type over S, let ilx = Ra^^-ns e D''{X^, A,), where a: X ^ 5 is the structural morphism. Then 
fix is AR-adic and normalized. It follows that RHom\^{nx ,^x) £ and Ext\ (flxj^x) — for 
i < 0. 

Let A" be a Deligne-Mumford S'-stack of finite type. For every etale morphism a: X ^ X with X 
a scheme separated of finite type over S, let ha G X^t be the sheaf represented by a and G -^(It 
be the constant projective system. Then A'^//iq,_, can be identified with X^^_. For such a: X X, we 
associate fix- For any morphism f : X ^ Y between such morphisms, there is a canonical isomorphism 
/*riy — > rix- Since any finite product of /iq,,'s can be covered by a family of /i/3,»'s, we obtain an object 
given C-locally, where C is the sieve generated by the /iq,,'s, d^' = maxsg5(dim A's + dg), 
ds is the dimension of the closure of s in 5. By the "BBD gluing lemma" |BBD821 3.2.4], there exists 
a unique ilx S D^{X^,A,) such that, for all etale morphism a: X X with X a separated finite type 
iS-scheme, we have a* fix — ^x- It follows that D,x is AR-adic and normalized. Thus 

A„ (g,^ nx ^ e-^ilx ^ nx^n- 

Define a triangulated functor Dx : Dl{X, O) -> D+{X, O) by DxM = RHomo{M, nx). 

Proposition 4.24. Lei <Y &e a finite type Deligne-Mumford S -stack. The functor Dx induces a reflexive 
functor D'^{X,0)°^ — > D^{X,0) of cohomological amplitude contained in [~2dx,i-]- Moreover, for 
M G D''^{X,0), the morphism 

An ®o DxM Dx,n{^n ®0 M) 

is an isomorphism. 

Proof The last assertion follows from|131 For M G d'^'^'^X, C), A„ ®^ M G Di""^'^' (A", A„). By the 
last assertion and [2TT2] (i). A„ ®^ DxM belongs to /jl-^-zdAf -a+i] j^j. g^jj Hence DxM belongs to 
jjl-b 2dx, °-+^^(^x^Qy Moreover, for all n, the following diagram commutes 

A„ ®^ M ^ Dx,„Dx,„{An ®o 



An ®^ DxDxM ^ DxA^n ®o DxM) 

Bv l2.12l (ii). the top arrow is an isomorphism. Therefore, the map M — > DxDxM is an isomorphism. □ 

4.25. Let f : X ^ y he a, separated morphism of prime to I inertia of Deligne-Mumford S'-stacks of 
finite type. Assume either / is a closed immersion, or X and y are of finite inertia. The isomorphism 
WTI\ fiui gives an isomorphism Dxf* ^ Rf'Dy of functors Dl{y,0) Dl{X,0). Using biduality 

we obtain an isomorphism of functors Dl{y, O) Dl{X, O): 

Rf- c^Rf DyDy^Dxf*Dx. 

4.26. Let f : X y he a, morphism of finite type Deligne-Mumford 5-stacks. Thanks to I4.24[ we can 
define a triangulated functor 

Rf- : Dliy, O) ^ Dl{X, O), N ^ Dxf*DyN. 

Bv 14.251 this definition is compatible with previous definitions. For any N G D^{y,0), 14.51 and 14.241 
induce an isomorphism 

A„®^ Rf'N^Rf -{An 0^ N). 

li f : X — >■ y and g: y Z are two such morphisms, then we have an isomorphism of functors 
D''^{Z,0) Dl{X,0): 

Rig/y = DxigfYDz ^ Dxf*g*Dz ^ Dxf*DyDyg*Dz = RfRg'. 
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If / is smooth, it follows from the construction of and ily that fix — f*^y{d)[2d], where d is 
the relative dimension of /. It follows that 14.71 induces an isomorphism of functors f* {DyN){d)[2d] ~ 
Dxf*N for all N e 13^(3^,0). Thus 

Rf- ^DxrDy^r{d)[2d]. 

4.27. Let f:X 3^ be a morphism of prime to £ inertia between Deligne-Mumford S'-stacks of 
finite type. Assume either (a) / is representable and etale, or (b) / is separated and X and y 
are of finite inertia. The isomorphisms 14.221 (i) and (ii) give an isomorphism DyRf\ ^ Rf^,Dx 
of functors D'^{X,0) — > D^{y,0). Using biduality (|4.24|) . we obtain an isomorphism of functors 

RJ, ~ DyDyRf, ^ DyRJ.Dx. 

4.28. Let /: X ^ y he a. morphism of prime to m inertia between Deligne-Mumford S'-stacks of finite 
type. Thanks to I4.24[ we can define a triangulated functor 

i?/, : Dl{X, O) ^ Dl{y, O), M ^ DyRf.DxM. 

By l4.27l this definition is compatible with previous definitions. For M e O), liHandHSlinduce 

an isomorphism 

A„ ®^ Rf,M ^ Rf, {An ®o M). 

li f : X — > y and g: y ^ Z are two such morphisms, then we have an isomorphism of functors 
Dl{X,0)^D'^{y,0): 

R{gf)\ = DzR{gf).Dx ^ DzRg.Rf.Dx DzRg.DyDyRf.Dx = Rg\Rf\. 



5 Variants and complements 

In 15 . 1 1 through let S* be a regular scheme of dimension < 1. 

5.1. Let ii^ be a discrete valuation field of characteristic and residue characteristic £ invertible on 5, let 
O be its ring of integers. For X a finite type Deligne-Mumford S-stack, let T be the full subcategory of 
Modc('^, O) consisting of sheaves annihilated by some power off. Then T is a thick subcategory and we 
define Modc(-^, E) to be the quotient Modc(-^, 0)/T. We have Modc(A', E) ~ MoAc(X, O) ®o E. Let 
Dj- be the full subcategory of D'^{X, O) consisting of complexes whose cohomology sheaves belong to T. 
Then is a thick triangulated subcategory and we define D^{X, E) to be the quotient D^{X, 0)/D^. 
The canonical t-structure on D'^{X, O) induces a canonical t-structure on E), which has heart 

ModcC-Y, E) and enables us to define D''{X, E). We have Dl{X, E) ~ Dl{X, O) ®o E. We denote the 
image of M under the canonical functor D+{X, O) -> E) by E ®o M. 

The functors — — , R'Homo{~, — ), Dx in § 4 induce functors 

-^E D+{X,E) X D+{X, E) D+{X, E), 
RHomEi-, -) : dI{X, E)°p x D+{X, E) D^iX, E), 

and a reflexive triangulated functor 

Dx: Dl{X,E)°P Dl{X,E). 

Let / : X —i' y he a morphism of finite type Deligne-Mumford S'-stacks. The functors /* and i?/* in § 4 
induce functors 

/*: D+iy,E)~^Dt{X,E), Rf^r. Dt{X,E) ^ Dt{y,E). 
If / is separated and X and y are of finite inertia, then the functor in § 4 induces a functor 

i?/t: Dt{X,E)^Dt{y,E). 
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Proposition 5.2. Let f: X y be a morphism of finite type Deligne-Mumford S -stacks. Assume that 
the fibers of f have dimension < d. Then 

(i) Rft, sends D^{X,E) to D^{y,E). Moreover, if f is proper, then the cohomological amplitude of 
Rf» is contained in [0,2d]. 

(ii) If f is separated and X and y are of finite inertia, then Rf^ sends D'^{X,E) to D^{y,E) and 
has cohomological amplitude contained in [0,2d]. 

Proof, (i) We may assume 3^ is a scheme. For the first assertion, using reductions as in II .271 (i). we may 
assume X separated over S. Then, for both assertions, since / factors through the coarse space of X, 
we are reduced to two cases: (a) / is a universal homeomorphism; (b) / is reprcsentable. Case (b) is 
known. In case (a), by proper base change, we may assume that y is the spectrum of an algebraically 
closes field. Then X'^°'^ ~ BG and the assertions are clear. 

(ii) By base change (|4.20l fi)). we may assume that y is the spectrum of a field. The assertion then 
follows from the decomposition [TTTU] and (i). □ 

Proposition 5.3. Let f : X ^ y be a universal homeomorphism JJ.Pj) of Deligne-Mumford S-stacks of 
finite type, L G D^{y,E). Then the adjunction map L — > Rff.f*L is an isomorphism. 

Proof. By proper base change, we may assume that y is the spectrum of an algebraically closed field. 
Then X'^^'^ ~ BG and the assertion is clear. □ 

5.4. Let / be a morphism of Deligne-Mumford S'-stacks of finite type. The functor Rf' in 14.261 induces 
a functor 

Rf: Dl{y,E)^Dl{X,E). 
The finiteness of i?/* (|5.2p enables us to define a functor 

i?/, : Dl{X, E) ^ Dl{y, E), M ^ DyRf^DxM. 

If / : X y and g: y ^ Z are two such morphisms, then 

R[gf)\ = DzR{gf).Dx ^ DzRg.Rf.Dx ^ DzRg.DyDyRf.Dx = Rg\Rf\. 

If / is separated and X and y are of finite inertia, then Rf\ is the restriction of Rf^ to _Dj. In fact, 
using the decomposition [TTTU] of /, we are reduced to two cases: (a) / proper and quasi-finite, (b) / 
representable. In case (a), one can repeat the argument of |Ols08l 5.15]. Case (b) follows from 14.271 

5.5. Finally let E' be an algebraic extension of E. Define Modc(A',i?') to be the 2-inductive limit 
of Modc{X,E"), D+{X,E') to be the 2-inductive limit of D+{X,E"), where E" runs over ah finite 
extensions of E contained in E'. Then D'^{X,E') admits the same operations as D'^{X,E). 

5.6. Let O be as in § 4, X be a scheme separated of finite type over S. In [ EkeQOI § 6], Ekedahl constructs 
a category D^{X,0)E]i and the six operations on it. By 13.281 and Eke90] 2.7 ii)], the normalization 
functor induces an equivalence of categories D'^{X,0) D'^{X,0)Ek- The six operations in § 4 and 
the six operations of Ekedahl are compatible via this equivalence. 

5.7. Let S' be a Noetherian quasi-excellent scheme of finite dimension. By Gabber's finiteness theorem 
|Org| , the direct construction of the six operations in l4.1l through l4T22] and l5.1l through l5.3l can be carried 
out over S. Moreover, if S is excellent and admits a global dimension function, then Gabber's duality 
theorem allows one to carry out the construction by duality in §§ 2, 4 and 5. 

6 Application to Brauer theory 

Let O be a complete discrete valuation ring with fraction field E of characteristic and residue field F 
of characteristic ^ > 0, m be the maximal ideal of O. Note that for any field F of characteristic £ > 0, 
any Cohen ring of F satisfies the condition for O. For any F-module (resp. O-module, resp. i?-module) 
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M of finite type, we endow M with the unique HausdorfF topology such that M is a topological module. 
For a profinite group G, we define a coherent F[G\-module (resp. 0[G\-module, resp. E[G\-module) to 
be an _F-module (resp. O-module, resp. i?-niodulc) of finite type endowed with a continuous i^-linear 
(resp. O-linear, resp. i?-linear) action of G, and we denote by K{G, F) (resp. if (G, O), resp. K{G, E)) 
the Grothendieck group of the category of such modules. Let i: SpecF SpecO, j: Speci? — 
SpecC Then we have homomorphisms : K{G,F) — K{G,0) defined by restriction of scalars, and 
j* : K{G, O) K{G, E) defined by extension of scalars [M] ^ [E ®o M]. 

Lemma 6.1. We have z, = and j* is an isomorphism. 

Proof. We claim that the localization sequence 

K{G, F) ^ K{G, O) A K{G, E) ^ 

is exact. It is clear that j*i^, — 0. Define a homomorphism s : K{G, E) K{G, O) j Im by sending the 
class of an i<^[G]-module M to the class of any G-stable O-lattice L of M. If L\ and are two G-stable 
lattices of Af, then [Li] — [L2] belongs to Imi*. Indeed, we may assume L\ <Z L2, in which case L1/L2 

is killed by a power of m, hence its class belongs to Imi*. If — >■ M' A M A M" ^> is a short exact 
sequence of ^^[GJ-modules, L is a G-stable O-lattice of M, then f~^{L) is a lattice of M and g{L) is a 
lattice of M". Hence s is well-defined. It is clearly an inverse of the map K{G,0)/ Imi^ K{G,E) 
induced by j*. 

It remains to show 0. By [Ser98l chap. 16, th. 33], the decomposition map d: K{G,E) — > 

K{G,F), characterized by d[j*M] = [i*M] for M torsion-free, is surjective. Hence it suffices to verify 
that for any torsion-free coherent ©[GJ-module M, we have i*[M/mAf] = 0, which is trivial. □ 

Let 5 be a regular scheme of dimension < 1 on which £ is invertible. A:" be a finite type Deligne- 
Mumford S-stack X. We denote by K{X,F) (resp. K{X,0), resp. K{X,E)) the Grothendieck group 
of Modc{X,F) (resp. Modc(A', O), resp. Modc{X,E)). We denote by : K{X,F) -s- K{X,0) the 
homomorphism induced by the exact restriction of scalars functor ep* : Modc(A', F) — > Modc{X, O), by 
j* : K{X, O) K{X,E) the homomorphism induced by the exact functor (15.11) 

Modc(A', O) Modc(A:', E), M E ®o M, 

and by i* : K{X, O) K{X, F) the homomorphism induced by the triangulated functor (|3.28|) 

dI{x,o) ^ dI{x,f), M^F®^M. 

Proposition 6.2. (a) i,, = Q and j* is an isomorphism, 
(h) i* is a surjection. 

Proof, (a) We claim that the localization sequence 

K{X,F) ^ K{X,0) A K{X,E) 

is exact. Since E ®o {eo*M) = for all M G Modc(A', F), we have = 0. Define a homomorphism 

s: K{X,E) K{X,0)/lmi^, [E ®o M] ^ [M]. 

Note that if M e MoAc{X, O) satisfies E ®o M = in Modc{X, E), then its class in K{X, O) belongs 
to Imi,. If 

E®o M' U E®oM ^ E®o M" 

is a short exact sequence in Mode (A", E), then there exists an integer n > 0, fa: M' M and go ■ M 
M" such that rf = E®o fo and ^"5 ^ E®o90- Since E <S>o Ker fo, E (Im fo/ Im fo n Ker go), 
E i®o (Ker go / Im fo n Ker go) and E i®o Coker go are all zero objects of Modc(A', E), it follows that 
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[M'] — [M] + [M"] belongs to Imv. Hence s is well defined. It is clearly an inverse of the map 
K{X,0)/lnii., K{X,E) induced by j* . 

It remains to show — 0. Note that the abelian group K{X, F) is generated by elements of the 
form [/iM], where f : y ^ X \s ai\ immersion, y is integral, M e Modc(3^, i^) is lisse. For such /, we 
have a 2-commutative diagram 

ModiisscCV, F) Modiissc(3^, O) 



Modc{X,0) 



K{G,0) 



fi 

Modc{X,F) - 
which induces a commutative diagram 

K{G,F) 



K{X,F)- 

where G is a fundamental group of y. We conclude by applying the fact from Brauer theory 

(ED). 

(b) For / and G as before, we have a commutative diagram 



K{X,0) 



K{G, O) 



K{X,0) 



K{G,E) 



K{G,F) 



K{X,F) 



where the vertical maps are induced by /i. It then suffices to apply the fact that d is surjective from 
Brauer theory. □ 



6.3. Let us recall Laumon's theorem on Euler-Poincare characteristics [IZ09[ § 2]. We denote by 
K"'{X,E) the quotient of K{X,E) by the ideal generated by [£'(!)] — [E], and by x~ the image in 
K~ {X, E) of an element x of K{X, E). We denote by K~{X, F) the quotient of kIx, F) by the ideal 
generated by — [F], and by x"' the image in K"'{X, F) of an element x of K{X, F). 

Let f : X ^ y he & morphism of Deligne-Mumford S'-stacks of finite type, the triangulated functors 



induce homomorphisms 
and 



RU,Rfr. Dl{X,E)^Dl{y,E) 

U,h:K{X,E)^K{y,E) 
/„/,: K-{X,E)^K-{y,E) 



by passing to quotients. 

If / is of prime to I inertia, then the triangulated functors 



induce homomorphisms 
and 

by passing to quotients. 



RU,Rfr.Dl{X,F)^Dl{y,F) 

UJr.K{X,F)^K{y,F) 
UJr.K~{X,F)^K~iy,F) 
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Theorem 6.4. (a) For any x S K{X,E), we have /*(a;~) = f\{x"') in K"'{y,E). 

(h) Assume f has prime to £ inertia. Then, for any x € K{X,F), we have /*(a;~) — f\{x"') in 



In loc. cit., the two assertions are proven using similar methods. With the help of l6.21 we can deduce 
(b) from (a) as follows. Let / be as in (b). We have a 2-commutative diagram of triangulated categories 
and triangulated functors (|4.5|) 



Dl{y,E) 



■Dl{X,0) rib 



Rf, 

Dl{y,F) 



which induces a commutative diagram of abelian groups and homomorphisms 



K{X,E)^^^K{X,0) 



/. 



K{y,E)^^K{y, o) 



K{X,F) 

K{y,F) 



and a similar one for K"^ . Similar statements hold for Rf\. Therefore, bv 16.21 (a) implies (b). 



7 Appendix: Compactification and gluing 

In [SGA 4| XVII], Deligne studied the gluing of two fibered categories in order to define Rf\ for a 
compactifiable morphism / of schemes. Two issues prevent us from applying this formalism to Deligne- 
Mumford stacks: stacks form a 2-category; compactification of coarse spaces only allow us to decompose 
a morphism into three morphisms (ll.lOp . 

To address the first issue, we use the language of pseudo-functors between 2-categories. Since a 
cofibered category over a category C can be seen as a pseudo-functor from C to the 2-category of 
categories by means of a cleavage, this gives a natural generalization of Deligne's formalism. In fact, 
we show in 17.51 that the gluing of two pseudo-functors works as in }SGA 4[ XVII 3.3.2] without much 
modification. 

To address the second issue, we study the gluing of a finite number of pseudo- functors (|7.10p . The 
main result of this appendix is the gluing thcorem l7.16l which generalizes 17.51 to more than two pseudo- 
functors. The key ingredient of the proof is an alternative set of gluing data (|7.7l I7.12[) which only 
makes use of 2-Cartesian squares. 

At the end of this appendix (|7.17l through [T.25P . we show that certain maps defined by adjunction 
satisfy the axioms for gluing data. 

We work systematically with 2-categories. For basic notions of 2-categories, see |Bor94l Ch. 7]. As 
in the main text of this article, for 2-fiber products in a 2-category, we use the convention of |GR09I 
1.2.12] for 2-limits, which are called pseudo-bilimits in |Bor94l 7.7]. 

7.1. Let C and T) be 2-categories and F: C — > 2? be a 2-functor. We say that F is pseudo-faithful (resp. 
2-faithful, resp. 2-fully faithful) if for every pair of objects X and Y of C, the functor 

Fxy:C{X,Y)^V{X,Y) 

is fully faithful (resp. fully faithful and injective on objects, resp. an isomorphism of categories). We say 
that a 2-subcategory of a 2-category is 2-faithful if the inclusion 2-functor is 2-faithful. 

Let P be a 2-category. A V-category is a pair {C,F) consisting of a 2-category C and a 2-functor 
F:C^V. If {B,E) and {C,F) are 2?-categories, a V-functor {B,E) -> (C,F) is a 2-functor G: B^C 
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such that E = FG. If G,H: B ^ C are ©-functors, a V-natural transformation is a 2-natural transfor- 
mation a: G ^ H such that Fa: FG — > FH is l^. A V-natural equivalence is a D-natural transfor- 
mation a that is a 2-nat\iral equivalence. In this case is automatically a P-natural equivalence. We 
say that a P-functor G: S — C is a V- equivalence if there exist a I>-functor H: C B and P-natural 
equivalences Ic => GH and i?G Ig. In this case we say that G and H are V- quasi-inverse to each 
other. 

A D- functor G : B ^ C is a, P-equi valence if and only if it is 2-fully faithful and every object Y of C 
is in the X>-essential image of G, namely, there exists an object X of B and an invertible 1-cell GX — > Y 
of C whose image in V is an identity. 

7.2. Let C be a set and 2? be a 2-category. We view C as a discrete 2-catogory and denote by 2-Fun(C, 2?) 
the 2-category of 2-functors C -^V. An object of this category is a map C Ob(X'). A 1-cell a: F F' 
is a family 

{a{X):FX^F'X)^^^ 
of 1-cells of v. A 2-cell S : a ^ is a family 

{E{X):aiX)^PiX))^^C 

of 2-cells of V. 

Let C and V be 2-catcgories. Wc denote by PsFun(C,X') the 2-category of pseudo-functors C — )■ 2? 
and view it as a 2-Fun(0b(C), 2?)-catcgory via the forgetful functor 

-|: PsFun(C,2?) ^ 2-Fun(0b(C), 23) 

The strict fiber 2-categories are 1-categories, that is, 2-categories whose only 2-cells are identities. 
A (2, l)-category is a 2-category whose 2-cells are invertible. 

Definition 7.3. Let C be a (2, l)-category, A and B be two 2-faithful subcategories of C with Oh{A) = 

Oh{B) — Ob(C), 23 be a 2-category. Define the 2-category GD^.BiC.V) of gluing data from C to 23 
relative to A and B as follows. An object of this category is a triple {Fj(,Fb, {Gd)) consisting of an 
object Fji, of PsFun(^, V), an object Fq of PsFun(;B, 23) satisfying IF4I = \Fb\, and a family of invertible 
2-cells of 23 

Gd- F^{i)FB{q) ^ FB{p)Fj^{j), 
D running over squares in C of the form 



(7.3.1) 



X ^Y 



1 y 



where i,j are 1-cells of A and p, q are 1-cells of B. The triple is subject to the following conditions: 
(a) If D is the square 

X^-^Y 




then the following square commutes 



FaU) 



FA{i)FB{lx) =^ FB{lY)FA{j) 
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(a') If D is the square 



q ^ 



then the following square commutes 



FA{lY)FB{q) =^ Fb{p)Fa{1x) 

(b) If D, D' , D" are respectively the upper, lower and outer squares of the diagram 

X2 ^ Yi 

9' "> 



X'x — — ^ 



then the following pentagon commutes 



FA(^z)FBW)FB{n) =^ FB{p')FA{i2)FB{q) FB{p')FB{j>)FA{ii) 



FA{h)FB{q'q) 



Fb{p'p)Fa{ii) 



(b') If D, D' , D" are respectively the left, right and outer squares of the diagram 



Ai >■ A2 ^ A3 



P2 



P3 



then the following pentagon commutes 



FAii')FA{i)FB{pi) =^ FA{l')FB{p2)FA[j) FB{ps)FA{j')FA{j) 



^FB{p3)FAifj) 



Fa{i'^)Fb{v) ^=^= 

A 1-cell (F4, Fe, G) {F^, F^, G') of GD a,b{C^ V) is a pair (a^, as) consisting of a 1-cell ua ■ Fa 
F^ of PsFun(^, 2?) and a 1-cell ub- Fb Fj^ of PsFun(B,X') such that = jael and that for any 
square D (|7.3.ip . the following hexagon commutes 



(7.3.2) 



ao{W)FAmB{q) F'_^ii)a^{Z)FB{q) F'^ii)F;,{q)ao{X) 

G'o 

a,{W)FB{p)FA{j) ^ F^(p)ao(F)F^(j) ^ F^(p)i^;(j)a„(X) 
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where ao = = {ael- 

A 2-cell of GD^_e(C, 2?) is a pair (S^,Sb): (a^,ae) {o^'at^'b) consisting of a 2-cell : ^ oi'a 
of PsFun(^, 2?) and a 2-cell Sg: ae of PsFun(;B,2?) such that |S^| = |Se|. 

We view GD^^g(C,X') as a 2-Fun(0b(C), 2?)-category via the functor given by 

lag], (S^,Sb) |S^| = |Sf5|. 

Let (F4,Ff5,G') be an object of GD^_b(C, 2?). For every square D (|7XT|) . let GJ,, = where 
£>' is the square obtained from D by inverting a. Then (Fb,F4,G*) is an object of GDb .4(C,X'). If 
(a^,aB): {Fa,Fb,G) (F;i,F^,G') is a 1-ceU of GD^,b(C, P), then 

{aB,aA): {Fb,Fa,G*) ^ (2^^, 2^;^, G'*) 

is a 1-cell of GDe,yt(C, P). If (Ea,'^b)- (aytiCte) ^ (q:^)Q:b) is a 2-ceU of GD_4.e(C, I^), then 

is a 2-cell of GDe,y!i(C, 2?). This defines an isomorphism of 2-Fun(0b(C), 2?)-categories 

GD^,b(C,2?) ^GDb,^(C,2?). 
Let F be an object of PsFun(C,2?). For every square D ()7.3.ip . define Gd to be the composition 

F{t)F{q) =^ F{iq) F{pj) =^ F{p)F{j). 

Then (F| ^ F\B, G) is an object of GD a.b{C, 2?). If a : ^ i^' is a 1-ceU of PsFun(C, V), then 

{a\A.,a\B): {F\A,F\B,G) -> {F'\A,F'\B,G') 
is a 1-cell of GD^,f5(C, 2?). If S: a ^ a' is a 2-cell of PsFun(A ^B), then 

(S|ASe): (alA^I-B) ^ (a'|Aa'l^) 
is a 2-cell of GD^,b(C,2?). This defines a 2-Fun(0b(C), 2?)-functor 
(7.3.3) PsFun(C, V) GD^,b(C, 2?). 

7.4. We say that ^ and B generate C if every 1-cell of C is isomorphic to a composition piii . . .pnin, 
where ii, . . . ,i„ are 1-cells of A and pi, . . . ,p„ are 1-cells of B. In this case, (|7.3.3I) is 2-faithful since 
the restriction 2-functor 

PsFun(C,2?) ^ PsFun(^,2?) X2_Fun(Ob(C),c) PsFun(B,2?) 

is 2-faithful. Here the fiber product is strict. To see the 2-faithfulness, let a : F — > F' be a 1-cell of 
PsFun(C, V). If / : X ^ r is a 1-cell of C and 

7: piii . . .pnin ^ / 

is a 2-cell of C, where ii , . . . , i„ are 1-cells of A and pi , . . . , p„ are 1-cells of B. then the following diagram 
commutes 

F(f) 

a{Y)F{p,)F{H) . . . F{p,,)F{t^) =^ a{Y)F{p^ii . . .p„i„) a{Y)F{f) 



a{px)a{ii)...a{pn)a{in) 



a(piii...p„i„) 



"(/) 



F'{pi)F'{h) . . . F'{pn)F'iin)aiX) =^ F'{pih . . .p„z„)a(X) =M> F'{f)a{X) 
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Hence a is determined by o\A and a\B. Let a, /3 : F — > F' be 1-cells of PsFun(C, 2?) and a /3 be 
a 2-cell of 2-Fun(0b(C), For any triangle in C 



S 



y — 

the leftmost and the rightmost inner squares of the following diagram commute 

_F(7 1) F (7) 



^ F'(5)/3(r)F(/) ^ F\g)F\mX) £^ F'(/j)/3(X) 



Hence S is a 2-cell of PsFun(C,X') if and only if it is both a 2-cell of PsFun(yt, P) and a 2-cell of 
PsFun(i3,P). 

The following is a generalization of |SGA 4| XVH 3.3.2] to 2-categories. 

Proposition 7.5. Let C he a (2,1) -category, A and B be two 2-faithful subcategories j?.!^ of C with 
Ob(^) = Oh(B) — Ob(C), T) be a 2-category. Assume the following: 

(i) Every 1-cell of C is isomorphic topi for some 1-cell i of A and some 1-cell p of B. 

(a) 2- fiber products exist in B and are 2- fiber products in C. 

Then ([rXS]) is a 2-Fun{0h{C), V)-eqmvalence (7l\ ). 

Proof. The 2- functor is 2-faithful since (i) implies that A and B generate C. 

For any 1-cell / of C, consider the 2-category of compactifications of f. An object of this 2-category 
is a quadruple [Z, i,p, a) consisting of an object Z of C, a 1-cell i : X ^ Z oi A, a, 1-cell p: Z Y ol B, 
and a 2-cell a: f ^ pi oi C corresponding to the diagram 



X 



Y 




A 1-cell (Z, a) (PF, j, /3) is a triple (r, 7, 5) consisting of a 1-cell r: Z ^ W oi B, and 2-cells 
7 : ri ^ j and 5 : p gr of C, fitting in the diagram 




where the outer triangle is /?. A 2-cell (r, 7, S) (r', 7', S') is a 2-cell e : r r' of B such that 7 — Y{ei) 
and S' = S{qe). We denote by Comp(/) the 1-category obtained by identifying isomorphic 1-cells. Under 
the assumptions of 17.51 one shows as in |SGA 4| XVII 3.2.6] that Comp(/)°P is a filtrant category. 
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Let F and F' be objects of PsFun(C, V) and 



(e^,es): {F\A,F\B,G) ^ {F'\A,F'\B,G') 



be a 1-cell of GD_4 j5(C, 2?) whose source and target are respectively the images of F and F' under (|7.3.3p . 
Define a l-ceh e: F ^ F' of PsFun(C, 2?) as fohows. For any object X of C, let e{X) = e^(X) = eis{X). 
For any 1-cell /: X — > F of C, let e(/) be the unique 2-cell in V making the following diagram commute 



e{Y)F{p)F{t) 



=s(p)«yl(i) 



■e{Y)F{pt)^t=le{Y)F{f) 



F'ip)F'{z)e{X) =^ F'{pz)e{xf^F'{f)e{X) 

where (Z, a) is a compactification of /. This does not depend on the choice of the compactification, 
because, if (r, 7, 5) : {Z, i,p,a) — )■ {W, j, q, (i) is a 1-cell of compactifications, then the following diagram 
commutes 



<Y)F{f)'. 



i{Y)F{p)F(i) 



F(5) 



,{Y)F{q)F{r)F(i) 



Go 



s{Y)F{q)F{j) 



CB(p)eA(i) 

F'if )eiX) ^ F'{p)F'(i)e{X) ^ F' {q)F' {t)F' {t)e{X) & F'(<z)F'0>(X) 



where D is the square 
(7.5.1) 



X 



X 



w 



For any object X of C, (X, Ix, Ix, lix) '•^ compactification of X, so the following diagram commutes 

e{X) =^ e{X)F{lx)F{lx) =^ <X)F{lx) 




eA(lx)eB(lx) 



F'{lx)F'{lx)e{X) =^ F'{lx)e{X) 
For any composablc pair of 1-cells X ^ Y ^ Z ^ choose a diagram 



(7.5.2) 



X- 


-^x 






/ 7 


f 








/ p ^ 


Y - 


-^Y 



X" 




z 



such that i, j, k are 1-cells of A and p, q, r are 1-cells of B. If we denote by D the square containing 7 
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and by S : qrki gf the 2-cell represented by the outer triangle, then the following diagram commutes 



e{Z)F{g)F{f) 



t e{Z)F{q)F{j)F{p)F{i) e{Z)F{q)F{r)F{k)F{i) 



ss(g)«A(i)«B(p)cA(i) 



F(5) 



■■<Z)F{gf) 



'-{gf) 



F'{g)F'{J)e{X)'^^''h{q)F'{j)F'{p)F'(z)e{X) ^ F' {q)F' {r)F' {k)F' {z)e{X) <p= F'{gf)e{X) 

f (6) 



Hence e is a pseudo-natural transformation. Its image under (j7.3.3p is clearly (e^i, eg). Therefore (|7.3.3p 
is 2-fully faithful. 

It remains to show that every gluing datum {Fj^, Fb,G) is in the 2-Fun(0b(C), 2?)-essential image 
of ([7X^)1 . The proof is similar to that of |SGA 4[ XVII 3.3.2]. We give a brief sketch. We construct 
an object F of PsFun(C,P) as follows. For any object X of C, let FX = F^X = FbX. For any 
1-cell / : X — 5- y of C, consider the functor Ff-. Comp(/) — > V{FX,FY) which, to a compactification 
(Z, a) of /, associates the 1-cell FB{p)Fj({i) : FX — FY of P, and, to a morphism of compactifica- 
tions (r, 7, ^): {Z,i,p,a) — {W,j,q,(3), associate the invertible 2-cell 

FB{p)FA{i) FB{q)FB{r)FA{i) =^ FB{q)FA{j) , 



where D is the square (|7.5.ip . Since Comp(/)°P is filtrant, Ff defines, for every pair of compactifications 
[Z, i,p, a), {W,j, q, 13) of /, an invertible 2-cell 

FB{p)FA{i)^FB{q)FA{i). 

Choose one compactification (Z, a) of / and let Ff — FB{p)FA{i)- For any 2-cell 

/ 

g 

in C, choose a decomposition of (j) 




where {Z,i,p,a) and {W, q, P) are the chosen compactifications of / and respectively, fc is a 1-cell 
of A and r, s are 1-cells of B. Let Fcl): Ff Fg be the composition 

FB{p)FA{i) FB{p)FB{r)FA{k) FB{q)FB{s)FA{k) FB{q)FA{j) , 

where D and D' are respectively the squares 

k 




X 



X 



■X' 



j 



w 



46 



This does not depend on the choice of the decomposition of (/). For any object X of C, (X, Ix, Ix, li^ 
is a compactification of Ix and induces an invertible 2-cen 



Fe{lx)FA{lx) 



Filx) 



For any composable pair of 1-ceUs X ^ Y Z, choose a diagram (|7.5.2[) where {Z,i,p,a) and 
(W,j, are the chosen compactifications of / and g, respectively. Associate the foUowing invertible 
2-ceU F{g)F{f) ^ F{gf): 



FB{q)FA{j)FB{p)Fj^{t) 



FB{q)FB{r)F_^{k)Fj^{i) 



FB{qr)Fj^{ki) ■ 



F{9f) 



where D is the square in (j7.5.2l) containing 7. One verifies that this does not depend on the choice 
of (|7.5.2p and is a pseudo-functor. Define invertible 1-cells e^: F4 — F\A of PsFun(^, 2?) and 
es: Fb-^ F\B of PsFun(B, V) as follows. For any object X of C, let e^(X) = eB{X) = Ipx- For any 1- 
celH: X Y oi A, (F, i, ly, 1^) is a compactification of i. Let e^(i): F_4{i) ^ be the 2-cell induced 
by Fi. For any 1-cell p: X Y oi B, {X, lx,P, Ip) is a compactification of p. Let eB{p) '■ Fb{p) F{p) 
be the 2-cell induced by Fp. Then (e^, eg) gives an isomorphism from {F_a, Fb, Gd) to the image of F 
under ([7X3)) . □ 

7.6. Let C, A'B,Pbe as in[L3l Let {Fa,Fb,G) be an object of GD^,e(C, P), i^o = |^.a| = l^el- Define 
an invertible 1-cell p: FbIACiB F^lAnB of PsFun(^ n B, V) with \p\ = l^o as follows. For any 
1-cell / : X — >■ F of ^ n let p(/) be the composition 



FbU) 



FA{lY)FB{f) 



where D is left square in the diagram 



X 



X 



// 
f 



'X- 



FBilY)FA{f) 



Y 



f // 



Y 



Y 



■FaU) , 



Denote the right square by D' . Applying axiom (a) in 17.31 to the outer square and axiom (b') to the 
above diagram, one sees that p{f) is the inverse of the composition 



FAif) =^ FA{f)FB{lx) FB{f)FA{lx) =^ FbU) . 

For any object X of C, applying axiom (a) to the commutative square consisting of X and Ix, one finds 
that the following diagram commutes 

l_FoX 




Fb{1x) ^ Fa{1x) 
For any composable pair of 1-cells X ^ Y Z , applying axioms (a), (b), (b') to 
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one finds that the foUowing diagram commutes 



Fjsig)FBif)''^^FM9)FAif) 



Hence p is a pseudo-natural equivalence. 

We claim that p has the following properties: 

(c) If I? is a square (|7.3.ip such that p, q are 1-cells of ^ n ;B, then the following hexagon commutes 

FA{l)FB{q) FA{l)FA{q) =^ FA{iq) 



Gl 



pip) 



FB{p)FA{j)==^FA{p)FA{j) 



FA(a) 
Fa{P]) 



(c') If D is a square (|7.3.1I) such that i,i are 1-cells oi AC^B, then the following hexagon commutes 



FAii)FB{q) ==^ FB{i)FB{q) =^ FB{iq) 

Gd Fts(a) 

' ■ — 1 ^ ' 

Fb{p)Fa{j) Fb{p)FbU) =^ Fsipj) 



In fact, any square D in (c) can be decomposed as 



X 

// 

''ft 

X^Z 



Y 



// 

V 



1 // 



// 



w 



w 



w 



Denote the upper left, upper right, middle, lower left, lower right squares by Di, D2, -D3, D4 and D^, 
respectively. Then can be identified with and Gd^ can be identified with p{q). By axiom 

(a) , Gdi and Gd^ can be identified with identities and Gds can be identified with FA{a). Hence axioms 

(b) and (b') imply that the hexagon in (c) commutes. Similarly, axioms (a'), (b) and (b') imply (c'). 

Definition 7.7. Define a category GD^g(C,P) as follows. An object of this category is a quadruple 
(^,4,^6, {Gd),p) consisting of an object Fa of PsFun(^, 2?), an object Fb of PsFun(S,X'), a family of 
invertible 2-cells of V 

Gd: FA{i)FB{q)^ FB{p)FA{j). 



D running over 2-Cartesian squares in C of the form ()7.3.ip . and an invertible 1-cell p: Fb\A H i3 — > 
FaIACiB of PsFun(^ n P), such that \p\ = Ip^, where Fq — \Fa\ — \Fb\, and satisfying conditions 
(b), (b') in 17.31 and conditions (c), (c') above for 2-Cartesian squares. 
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A 1-cell {F^, Fb,G, p) — J> {F^, F^,G' , p') of GD^ g(C,2?) is a pair {aj[,ats) consisting of a 1-cell 
aA- Fa F^ of PsFun(y^l, 2?) and a 1-cell an: ^b'-J> of PsFun(S,X»), such that = |as|, 

that for any 2-Cartesian square D (I7.3.ip . the diagram (|7.3.2p commutes, and that the following square 
commutes 



FbIAdb- 



FaIAdB 



F^\AnB 



Fl^lAnB- 

A 2-cell of GD^ g(C, V) is a pair (S^, Sg) : (a^, ag) (a^, a'g) consisting of a 2-cell : a'^ 
of PsFun(^,P) and a 2-cell Sg: ^ ag of PsFun(;B,2?) such that |S^| = iSg]. 

We view GD^ g(C,X') as a 2-Fun(0b(C), 2?)-category via the functor given by 

iFA,FB,G,p) ^ \Fa\ = \Fb\, 
{aA,ai3) \o^a\ = (S^,Sb) i-^ = \Eb\. 

The construction 17.61 defines a 2-Fun(0b(C), 2?)-functor 
(7.7.1) GD^,b(C, P) ^ GD:4_b(C, P), 

which is clearly 2-faithful. 

7.8. We say that A and B are squaring in C if every square (|7.3.ip can be decomposed as 
(7.8.1) 




where fc is a 1-cell of r is a 1-cell of Z?, / is a 1-cell of ^ n B, and the inner square is 2-Cartesian in C. 
If ^ = S, a sufficient condition for A and A to be squaring in C is that 2-fiber products exist in A and 
are 2-fiber products in C. In general, a sufficient condition for A and B to be squaring is that 2-fiber 
products exist in C, and A and B are closed under 2-base change in C and taking the diagonal in C. 

If A and B are squaring, then ((77711) is 2-fully faithful. In fact, for objects {Fa, Fb, G), (F^, F^, G') 
of GD^^b(C,2?) and any morphism 

ieA,eB): {Fa,Fb,G,p) ^ [F'a, F'b,G\ p') 

of GD^g(C,27) whose source and target are respectively the images of {Fa^Fb^G) and {F^, Fj^^G') 
under (17.7. ip . (e^,eB): (F4,Fb,G) ^ {F^,F^,G') is a morphism of GD^_b(C, P). Indeed, for any 
square D (j7.3.ip . decomposing it as (|7.8.ip . we see that the following diagram commutes 



eomFAit)FBiq) ==f eo{W)FAii)FB{r)FB{ff=^\o{W)FBip)FAik)FAif ) ==> eo(W^)Fe(p)F^(j) 



'-Aii)eB{r)eB{f) 



'-Bip)<:A{k)<iA{f) 



:b(p)caO') 



J^A(0^^('Z)^o(X) ^ F;,(^)F^(r)F^(/)6o(X)^=k£i^V^(p)F;^(fc)>;^(/)eo(X) ^ F^(p)F;^(j>o(X) 



where cq = |e^| = legl 
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Proposition 7.9. Let C be a (2, \)-category, A and B he two 2-faithful subcategories of C with Ob(^) = 
Oh{B) = Ob(C), D be a 2-category. Assume that every 1-cell of C that is an equivalence is contained in 
AC\B, A and B are squaring in C, A and AC]B are squaring in C, and B and Ar\B are squaring in C. 
Then ()7.7.ip is an isomorphism of 2-categories. 

Proof. We construct the inverse as follows. Let {F^, Fi3,G, p) be an object of 00^ ^(0,2?). For any 
square D (|7.3.ip . decompose it as (|7.8.ip . and denote the inner square by D' . Let G/^ be the composition 

FA{^)Fs{q) ^ Fj,(i)Fr,{r)Fe{f f^^Fr,{p)FAk)FM) ^ Fs{p)FAj) 
This does not depend on the choice of the decomposition. In fact, if 




is another decomposition with I in A, s in B, g in AnB, D" 2-Cartesian in C, then they can be combined 
into 




where h is an equivalence. Applying the axioms to the decomposition of D" 

I 



X" ■ 



X" X' — 



Y 



Y 



r D' 



z >-w 



we obtain the following commutative diagram 



FAi^)FBis) 




>Fb{p)Fa{1) 



FA{^)FB{r)FB{h) => FA{i)FB{r)FA{h) =^ FB{p)FA{k)FA{h) 

p{h) Go' 
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Hence the following diagram commutes 




FA{i)FB{s)FB{g) FA{t)FB{r)FB{h)FB{g) ^== FA{r)FB{r)FB{f) 



Pig) 



FA{t)FB{s)FA{g) =^ FA{i)FBir)FB{h)FA{g) ))p(M 

p{h) 



pU) 



FA{i)FB{r)FA{h)FA{g) ^== F^Wi^B(r)i^x(/) 




FB{p)FA{l)FA{g) FB{p)FA{k)FA{h)FA{g) FB{p)FA{k)FA{f) 

FB{p)FAij) 

Next we show that {Fa, Fb, G) is an object of GD^^g(C, V). Axioms (a) and (a') for G follow from 
axioms (c) and (c'). Let D, D' and D" be squares as in axiom (b') for G. Decompose it as 




where k,k',l are 1-cells of A, qi,q2 are 1-cells of B, f,g,h are 1-cells of S, the squares E, E' and 
the square H containing rj are 2-Cartesian in C. Let E" be the square obtained by combining E and 
E', I he the square obtained by combining H and E. Since / is the outer square of the diagram 




q2h 

Yi — U Yi = Y2 
axioms (b') and (c') imply the commutativity of the following triangle 

FAii)FB{qig) 




Fb{P2)Fa{1) FB{q2h)FA{l) 
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One establishes axiom (b) for G in a similar way. 

Let {eA.es): {F^, Fb,G, p) ^ {F'^, F^^G' , p')he s^l-ceWoiGJ^^BiC ,V). Then(e^,eB): {Fa,Fb,G)^ 
{F^,Fl^,G') is a 1-cell of GD^,s(C, 2?) by [HI Let 



be a 2-cell of GD^_B(C,r>). Then (S^,Sb) is a 2-cell of GD^,b(C,2?). 

It is clear that the 2-functor defined in this way is the inverse of (j7.7.ip . 



□ 



Definition 7.10. Let C be a (2, l)-category, Ai, . . . , An be 2-faithful subcategories of C with Ob(^i) = 
■ • ■ = Ob(„4„) = Ob(C), I? be a 2-category. Define the category GD^j^_..._4^ (C, V) of gluing data from C 
to V, relative to ^i, . . . , An as follows. An object of this category is a pair 

1< 2 < Tl 7 

where Fi : Ai — > P is an object of PsFun(^i, 2?), and {Fi, Fj ,Gij) is an object of GD^^,^^ (C, 2?), 
satisfying the following condition: 

(D) For l<i<j<k<n and any 2-commutative cube of the form 

b' 

*- y 

p' 



(7.10.1) 




where a,b,a',b' are 1-cells of Ai, p,q,p',q' are 1-cells of Aj and x,y,z,w are 1-cells of Ak, the 
following hexagon commutes 



F,{a)F,{q)Fk{x) ^ F,{a)Fk{z)F,{q') ^ Fk{w)F,{a')F,{q') 



GijK 



F,{p)F-{h)Fk{x) ^ F,{p)Fk{y)Fm A Fk{w)F/{p')F,{b') 



where /, /', J, J', K, K' are respectively the right, left, front, back, bottom, top faces of the cube. 

A 1-ceU {{F^),{G^J)) ((F/),(G^^)) of GD^,,...,^„(C,2?) is a collection (aOi<,<„ of 1-cells a^■. ^ 
F/ of PsFun(A, V), such that for 1 < i < j < n, 

(a„a,): (J^, F,, G,,) ^ (i^, F;, G^) 

is a 1-cell of GT)a,,a,{C,V). 

A 2-cell of GD^j^... .4^(C,2?) is a collection 

(Si)i<i<„: (Q!i)l<i<„ =J> (Q!-)l<i<n 



of 2-cells Si : Ui a[ of PsFun(A, 2?) such that 
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We view GD^j^ ... .4,^ (C, P) as a 2-Fun(0b(C), 2?)-category via the functor given by 

m),G)^\F^\^---^\Fr.\, 
{a.,) (-> jail = ■ • . = (S^) |Si| = ■ • • = |S„|. 

If n = 1, GDa{C, V) = PsFun(^, V). If n = 2, GD^,,^, (C, V) coincides with the one defined inlTTSl 
In general, this category can be described more directly as follows. An object of GD,^^ ... _4,^ (C, 

is a pair ((Fi)i<i<„, (Gij£))i<i.j<„) (here we do not assume i < j), where Fi: Ai V is an object of 

PsFun(A,^5) such that = .7. = \f^^\^ 

G,jd: F,{a)F,{q) ^ Fj{p)F,{h) 
is an invertible 2-cell of 2?, D running over squares in C of the form 

(7.10.2) 




where a, h are 1-cells of Ai and p, q are 1-cells of Aj , satisfying condition (D) above for all 1 < j, fc < n 
and the following conditions: 

(A) For 1 < i, J < n and any square D of the form 




where a and b are 1-cells of Ai , the following square commutes 

-Fi (a) 

F,^a)^^U=^F.,{b) 



F,{a)F,{lx)^F,{lY)F,{b) 
(O) For any square D (|7.10.2p with i = j, the following square commutes 

F,(a)F,{q) F,ip)F,ib) 



F,{aq) ^'^"^ > F,{pb) 

In fact, given (Gy )i<i<j<„, it suffices to take (O) as a definition of Ga, and to put Gji = G*j (|7.3p for 
1 < i < j < n. 

A 1-cell of GT)Ai,...,A„{C,Ty) is a collection 

(a.)i<.<„: ((i^.),(G,,))-^((i^/),(G^)) 

of 1-cells ai: Fi F( of PsFun(Ai,P) such that for any square D ()7.10.2p . the following square 
commutes 

ao(M^)F,(a)F,(g) ao(M^)-F;- (p)i^.(6) 



0!i(a)Qj((}) 



(p)ai(b) 



Fl{a)F'{q)ao{X) F'(p)^^/(6)ao(^) 
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where ao = = • • • = |a„|. 

It follows from this description that if cr is a permutation of {1, . . . , n}, 

defines an isomorphism of 2-Fun(0b(C), X')-categories 

7.11. Let {{Fi),G) be an object of GD^^^....^^ (C, 2?). For 1 < i,j < n, {Fi, Fj,Gij) is an object of 
GBa^,a,{C,V). Let 

p^j : Fj n A J -^F,\A^n A J 

be the 1-cell of PsFun(^i fl^j,!?) associated to it by (17.7. ip . Then pu — Ipt and pji = p^^ . We claim 
that pij has the following properties: 



(E) For 1 < i,j,k < n and any square D (|7.10.2p where a,b are 1-cells of Ai and p,q are 1-cells of 
Aj n , the following square commutes 

F,{a)Fk{q)^Fia)F,{q) 

GikD 

Fk{p)F{b)^F,ip)Fib) 



(F) (cocycle condition) For I < i, j, k < n, the following triangle commutes 

Fk I Aij k ^ Fj \Aijk 



Pij \Aijk 



FA A 



where A^ 



Ai n A, n Ak 



■ijk — 

In fact, (E) follows from (D) applied to the cube 

b 




whose top and back faces are D and whose other faces have identity 2-cells. Condition (F) follows from 
(E) applied to the square 



X 



Y 



f // 



Y ■■ 



Y 



for every 1-cell / of Auk- 
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Definition 7.12. We define a 2-category GD^^ _^^(C,2?) as follows. An object of this 2-category 
is a triple ((Fi)i<i<„, (G'ij)i<i<j<„, (p^ )i<i<j<„), where : Ai ^ V is an object of PsFun(A,2?), 
and {Fi,Fj, dj, pij) is an object of GD^. (C, V), satisfying conditions (D) for cubes with 2-Cartesian 
faces, (E) for pairwise distinct numbers 1 < i, j, k < n and 2-Cartesian squares, if we put Gji = G*j and 
Pji = ioT 1 < i < j < n, and (F) for 1 < i < j < fc < n. 

A 1-cell {{F,),G,p) -> {{Fl),G',p') of GD^^ _^^^(C,2?) is a collection {a^)l<^<n of 1-cells a^■. F, ^ 
Fl of PsFun(A, T^), such that for 1 < i < j < n, 

(a„a,): , , p., ) ^ (i^, i^, G^, p^) 

is a 1-cell of GD^^^^(C,P). 

A 2-cen of GD^^ ^^^(C,!?) is a collection 

(Si)i<i<„: (Q!i)l<i<„ ^ (Q!i)l<i<n 

of 2-cells Si : a,; of PsFun(A,^') such that = ■ • ■ = |S„|. 

We view GD^^_ _4^(C,X') as a 2-Fun(0b(C), 2?)-category via the 2-functor given by 

m),G,p)^\Fi\^---^\F^l 
{ai) ^\ai\^ ■■■ = |a„|, (S^) i-^ |Si| = ■ • ■ = |S„|. 

This 2-Fun(0b(C), X')-category coincides with the one defined in 17.61 if n — 2. 
The construction 17.11] defines a 2-Fun(0b(C), X')-functor 

(7.12.1) GD^,,...,^„(C,P) ^ GB\^_^^{C,V), 

which is clearly 2-faithful. If, for all 1 < i < < n, Ai and Aj are squaring in C (j7.6p . then (I7.12.ip is 
2-fully faithful. 

7.13. We say that Ai, . . . ,An are cubing in C if, for I < i, j < n, i j, A and Aj are squaring in C, 
and A n Aj are squaring in C, and for pairwise distinct numbers 1 < i, J, fc < n, every cube (I7.10.ip 
can be decomposed as 



(7.13.1) 




where c, c' are 1-cells of Ai, r,r' are 1-cells of Aj, f, f are 1-cells of Ai Ci Aj, v is a. 1-cell of Ak, the 
bottom face L and the top face L' of the inner cube are 2-Cartesian. Note that if the right face / (resp. 
the front face J) of the inner cube is 2-Cartesian, so is the left face /" (resp. the back face J") by |IZ09I 
2.12]. If n = 1, ^ is always cubing in C. If n = 2, Ai and A2 are cubing if and only if Ai and A2 are 
squaring in C, Ai and Ai fl A2 are squaring in C, and A2 and Ai D A2 are squaring in C In general, 
one sufficient condition for Ai, . . . ,An to be cubing is that C admits 2-fiber products, and Ai is stable 
under 2-base change in C and taking the diagonal in C for 1 < i < n. 
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The following generalizes 17.91 

Proposition 7.14. Let C be a (2, l)-category, Ai^ . . . , An he 2-faithful subcategories ofC with Ob(^i) = 
• ■ • = Ob(^„) = Ob(C), T) be a 2-category. Assume that every 1-cell of C that is an equivalence 
is contained in Ai H . . . An and that Ai , • . • , An are cubing. Then ()7.12.ip is an isomorphism of 2- 
categories. 

Proof. We construct the inverse as follows. Let {{Fi),G,p) be an object of GD^^ ^^(C,2?). For 
^ < hj < n, i ^ j, let {Fi,Fj,Gij) be the image of {Fi, Fj ,Gij, pij) under the inverse of (|7.7.ip . First 
note that for pairwise distinct numbers 1 < i, j, k < n, G satisfies (D) for cubes with 2-Cartesian faces 
and p satisfies (F). 

Next we show that G satisfies (E) for pairwise distinct numbers 1 < i, j, k < n. Let Z? be a square 
(|7.10.2|) where a, b are 1-cells of Ai and p, q are 1-cells of Aj D Ak, as in (E). Decompose it as 




where c is a 1-cell of , r is a 1-cell of Aj Ci Ak, / is a 1-cell of Ai fl Aj fl Ak , and the inner square D' 
is 2-Cartesian. Then the following diagram commutes 




F^{a)Fkiq) =f FM)Fk{r)Fk{f) ^ F,ia)Fk{r)F,{f) ^ Fk{p)F,{c)F,{f) ==f Fk{p)Fi{b) 



Pikiq) Pjk{r)pjk{f) 



(F) 

P.fc(/) 



P,kir) (E) 



Pjfc(p) 



FAS) 



Pjkip) 



FM)FM FM)F,{r)F,{f) F,{a)F,{r)F,{f) F,{p)F,{c)Fi{f)^^^ F,{p)FM 

^ GijD ■ • 

For pairwise distinct numbers 1 < i, j,k < n, we show (D) for G by descending induction on the 
number m of pairs of 2-Cartesian opposite faces in the cube (I7.10.ip . If m = 3, all the faces of the cube 
are 2-Cartesian, so (D) for G is identical to (D) for G. If m < 3, by symmetry, we may assume that 
either the bottom face K or the top face K' is not 2-Cartesian. Decompose the cube as (I7.13.ip . The 
inner cube has more than m pairs of 2-Cartesian opposite faces, hence (D) for G holds for the inner 
cube. Therefore, the following diagram commutes 




-Fi(a)Fj(<,)Ffc(x) ; 



Pji-l') 



'jkl" 



Ffc(™)Fi(a')Fj(,') 



('■>Fj(f)Fk(^) > F-i(a)Fj(r)Ffc(«)Fj(/') ) • F; (ajF^, (z)Fj- (r' )F^ (/' ) '> F^ (u,)Fi (a' ) F^- ( 



Pij if) (E) 
^ikM 



PiiU') 



jkl" 



{'■)FiU)Pki^) > Fi(a)Fj(r)Ffc(^)Fi(/') > F; (a)Ffc (^) F^ (r' )Fi (/' ) > F,^ (zv) {a.' ) Fj 



GikM ' , '^ikj" , , '^jkl 

OFi(/')Fj^(x) > Fj(p)Fi(c)Fj^(„)Fi(/') > F^- (p) F^ (a) F^ (c' ) F; (/' ) > F^(^)F^ {p' )Fi 



FiiS) 
Fj(p}Fi{b)F^{^} 



Fi(5'} 



Fi{S') 




> Fj(p)Ffc(H)Fi(6') ; 



^ Ffc(ra)Fj(p')Fi(b') 



'ijK' 
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where M is the square X'V'XV. 
Any 1-cell 

(a.): m),G,p)^{{Fl),G',p') 

of GD^i....,^„(C,23) is a 1-cell ((F,),G) ((i^/),G') of GD^,,...,^„(C,P). Any 2-cell (S,): (a») =^ 
of GD^^^ ^_4jC,2?) is a 2-cell of GD^„,...,^„ (C, P). 

It is clear that the 2-functor defined in this way is the inverse of (j7.12.ip . □ 

If rt > 2 and S is a 2-faithful subcategory of C containing Ai and A2, the 2-Fun(0b(C), I?)-functor 
(I7A31I 

(7.14.1) PsFun(S,P) ^ GD^,,^J6,P) 
induces a 2-Fun(0b(C), I?)-functor 

(7.14.2) GDg^^3^...,^„ (C, V) ^ GD^,^...,^„ (C, V) 

as follows. For any object ( fg, (Ji) 3<i<n, (Ge-,)3<j<„, (Gij)3<j<j<„) of GDe,yi3,...,^„(C,X'), let (i^i,i^2, G12) 
be the image of Fb under (|7 14.ip . Then Fi = and = ^b|^2- For i = 1, 2 and 3 < j < n, 

let Gij be the restriction of G^j- Then ((i^i)i<i<nj (Gii)i<i<i<n) is an object of GDAi,....A„iC,'D). 
For any l-ccU (ag, (Q!i)3<i<„) of GD^^^g (C, P), let (q;i,Q!2) = (ael^i, as|^2) be the image of 
ae under (|7.14.ip . Then (ai)i<i<„ is a 1-ceU of GDai,...,a„(C,T^)- For any 2-cell ( Sg, (S,)3<j<n) of 
GDe,yi3,...,^„(C,r'), let (Si,S2) = (Sg|A,Sg| ^2) be the image of under (|7.14.ip . Then (Si)i<»<n 
is a 2-cell of GD^^,...,^,, (C, P). The 2-functor (|7.14.2I) is 2-faithful if ^ and B generate C (UH). 
The case B — A2 is simple: 

Proposition 7.15. Let C be a {2,1) -category, n > 2, Ai,...,An be 2-faithful subcategories of C with 
Oh{Ai) = ■■■ = Oh{An) = Ob(C), Ai C A2, V be a 2-category. Then the 2-functor (|7.14.2p 

is a 2-Fmi(0h{C), V)-quasi-inverse to the projection 2-functor P. 

Proof. It is clear that PQ is the identity functor. For any object {{Fi), (Gij)) of GD^j^ ... .4^ (C, 2?), 
P12 : ^2|-4i Fi defines an invertible 1-cell 

(pi2, 1^^,, . . . , IfJ : QPm): (G,,)) m), (G.,)). 

This gives a 2-Fun(0b(C), X')-natural equivalence QP ^1. □ 

The following generalizes 17.51 

Theorem 7.16. Let C be a {2,1) -category, n > 2, Ai, . . . , An, B be 2-faithful subcategories (TTJ) of C 
with Ob(.4i) = . ■ . = Ob(^„) = Oh{B) = Ob(C), Ai,A2 C B, V be a 2-category. Assume the following 

(i) Every 1-cell of B is isomorphic to pa for some 1-cell a of Ai and some 1-cell p of A2. 

(ii) 2-fiber products exist in A2 and are 2-fiber products in B. 

(Hi) For 3 < i < n, 2-base changes of 1-cells of Ai by 1-cells of A2 in C exist and are 1-cells of Ai. 

(iv) For i = 1,2 and 3 < j < n, 1-cells of Ai are stable under 2-base change by 1-cells of Aj in C, 

whenever the 2-base change exists. 

(v) For any S < i < n, B and Ai are squaring in C ^7.8^ . 

(vi) For any 3 < i < n, Ai D Ai and A2 n Ai generate B Ci Ai. 
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Then (|7.14.2p is 2- fully faithful. Moreover, (|7.14.2p is a 2-Fxm{0h{C),'D)- equivalence under the 

following additional assumptions 

(iv') For i — 1,2 and 3 < j < n, Ai and Aj are squaring, 
(v') B,A3,... ,An are cubing in C {7.1!^ . 

(vV) For any 3 < i < n, every 1-cell of B Cl Ai is isomorphic to pa for some 1-cell a of Ai D Ai and 
some 1-cell p of A2C\ Ai. 

(vii) For any 3 < i < n, 2-fiber products exist in A2 H Ai and are 2-fiber products in B D Ai. 

(via) For 3 < i < n, 2-base changes of 1-cells of A2 H Ai by 1-cells of Ai in C exist. 

(ix) For i = 1,2 and 3 < j < n, 1-cells of Ai ClAj are stable under 2-base change by 1-cells of B and by 

1-cells of Aj in C, whenever the 2-base change exists. 

(x) For 3 < i < j < n, Ai r\ A^ r\ Aj and ^2 H A H Aj generate Bf^Aif^Aj. 

Note that (v') implies (v), (vi') implies (vi). If C admits 2-fiber products, and Ai, 1 < i < n and 
B are stable under 2-base change in C and taking the diagonal in C, then all the conditions, except (i), 
(vi), (vi') and (x), are automatic. 

Proof. The case n — 2 is l7.5l In the sequel we assume n > 3. Then (iii) and (iv) imply that AiD- ■ -CiAn 
contains all I-cells of C that are equivalences. 

Since Ai and A2 generate B by (i), (17.14.21) is 2-faithful. Let {Fb, (F,), (Gbj), (Gij)) and (F^, {F(), (G'e^-), (G^^-)) 
be objects of GDb_^3_...^^,^(C,X') and 

(6,): m),G)^m),G') 

be a 1-cell of GD^^^...^^,^ (C, T>) whose source and target are respectively the images of {F^, (Fi), {Gsj), (Gij)) 
and {F'B,{F[),{G'gj),{G[j)) under (|7.14.2p . By (i), (ii) and 17. 5| (£1,62) has a unique inverse image 
tB- F^ in PsFun(S,X»). We claim that 

(ee,(Q)): (Fg, (i^,), G) ^ (F^, (i^'), G') 

is a 1-cell of GDB.A3,...,An{C,'F>). By (v), it suffices to check the compatibility with GBiD for 2-Cartesian 
diagrams D, and with pBi, 3 < i < n. By (vi), the square 



FABr\A^ 



tilBnAi 



F'lBnA 



FbIBdA^ 



Fl^\BnA, 



commutes because it commutes after restriction to Ai Cl Ai and to A2 H Ai- By (i) and (iii), any 2- 
Cartesian square D (j7.10.2p with a,b in B and p, q in Ai can be completed into a commutative prism 
with 2-Cartesian joining faces 



(7.16.1) 



X 



u 





V 




Y 




w 



59 



with ai in Ai and a2 in A2- By (iii), r is in Ai- By (iv), bi is in and 62 is in Then the following 
diagram commutes 




eo{W)Fs{a)F,{q) 



«B(a)ei(9) 



i^^(a)F/(g)eo(X) 



-Fb(7) 




eo (T^)F2 (a2 )Fi (ai )F, (gfi^^ii^' (a2 (ai )^;' (q)eo (^) 
eo ( W-)F2 (a2 )F, (r)i^i (61 (a2 )F/ (r)i^l (61 )eo 

6o(W^)F.(p)^^b(6) "^'^''^'^ > Fl{p)F^{b)e,{X) 

Here eo = = • • • = |e„|. The image of (eg, (e,)) mider (|7.14.2p is (e^). Therefore (|7.14.2p is 2-fully 
faithful. 

It remains to show that, under the additional assumptions, every object {{Fi), G) of GD_Ai^,,, _a^ (C, T>) 
is in the 2-Fun(0b(C), 2?)-essential image of (17.14. 2p . We construct an object 

{Fl,,{F,),{GB,),{G^,),{PB,),{P^J)) 

ofGDg _43 __4^(C,2?) as follows. ByO there exists an object of PsFun(B, D) with iFgl = |Fi| = |i^2 
equipped with an invertible 1-cell (61,62): (i^i, i^2, G12) — >■ {Fb\Ai, Fb\A2, Fs), where the target is the 
image of under (|7.14.ip . with |6i| — \e2\ = 1|Fb|- For 3 < « < n, by (vi'), (vii) and l7.5[ the 2-functor 

PsFun(B nA,V) ^GDA,nA.^A2nAABriA,V) 

is a 2-Fun(0b(C), 2?)-equivalence. For any square D (|7.10.2p with a, & in ^1 n Ai and p, q in ^2 H Ai, 
the following diagram commutes 

F,{a)F,{q) ^ Ma)FM ^ Fi{a)F2{q) 



G12 



F,ip)F,{b) F,{p)F,{b) F2{p)F,{b) 

In other words, 

{p^l,P^2)■■ {F,\Al^A^,F,\A2r\A^,F,\Br\A^) ^ (Fi | A H A, ^2 |^2 H A, G12) 

is a 1-cell of GD_4^n.Ai..A2n^i H Ai^V). Composing it with 

(6i|A n A,e2|A n A), 

we obtain a 1-cell psi'- Fi\B fl A — > Fb\B n A of PsFun(B n Ai^T)). For any 2-Cartesian square D 
(|7.10.2p with a, 6 in ;B and p, q in A, complete it as (|7.16.ip and define GisiD to be the unique invertible 
2-cell making the following diagram commute 



FB{a)F,{q) 

Fe(7) 



■F,{p)FB{b) 
Fb{S) 



F2(a2)Fi(ai)F((?) F2(a2)F(r)Fi (&i) F(p)F2 (62)^1 (61) 
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This does not depend on the choice of the prism. To see this, let 




be another prism with al^ in A\., a'2 in A2, -D'l and D2 2-Cartesian. As in the proof of I7.5[ we may 
assume that there exists a 1-cell of compactifications 

(c,Ci,C2): (V^,ai,a2,7) ^ (V, a'l, 4, 7'), 
c in A2- Then the second prism can be decomposed into the first prism and the following 

U' ^ 




Then the following diagram commutes 

FB{a)F,(q) 

F2(a2)Fi{ai)Fi(q) ) • F2 (a2)Fi (r)Fi (bi ) : 




F2{a'2)F2(c)Fi(ai)Fi(q) > F2(a'^)F2(c)F,(r)Ft(bt) 

F2(a'^)F,(a',)F,(q) = 



F2ia'^)F,(r')F2{d)Fi{bi) 



F2(aJ,)F.(r')Fi(6'i) 




> F,(p)F2(b2)Fi(bi) 
F,(p)F2(bi)F2(d)Fi(bi 



> Fdp)F2(b'^)Fi{b',) 



Let 3 < z < 71. We first check axioms (b), (b'), (c) and (c') for {F^, Fi,Gsi, PBi) and 2-Cartesian 
squares. To check (b), let H be the outer square of the diagram with 2-Cartesian squares 
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whose horizontal 1-cells are in B and vertical 1-cells are in Ai. It can be completed into a diagram with 
2-Cartesian squares 

U 




with ci in Ai, C2 in A2- Then the following diagram commutes 

GsiE 



FB{c)Fi{s)Fi{q) 




Fi{r)FBib)FM 



F2{c2)Fi{ci)Fi{s)Fi{q) F2{c2)F{f)Fi{bi)Fi{q) Fi{r)F2{b2)Fi{bi)Fi{q) 

Giio-i 

Fi{r)F2{b2)F,{p)F^{ai) G,s.o\ 

GliDi 

F,{r)F,{p)F2{a2)Fi{ai) 

Fb(o 

Fi{r)Fi(p)FB{a) 

Here Hj is the square obtained by combining Dj and Ej, j = 1,2. To check (b'), let I be the outer 
square of the diagram with 2-Cartesian squares 



P D 



Q E 



whose horizontal 1-cells are in B and vertical 1-cells are in Ai- It can be completed into a diagram with 
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2-Cartesian squares 




where ai, ci, ei are 1-cells of Ai, 02, C2, 62 are 1-cells of A2- Let -Di = XY'UV, E2 = Z'ZW'W, and let 
D2, El, Hi, H2 be respectively the left, front, back, right faces of the cube. Then the following diagram 
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category, because of (b) and (b'). If the square is a composition of two squares, it suffices to check (c) 
and (c') for the two squares, again by (b) and (b'). By (vi'), (viii) and (ix), we are then reduced to the 
same axioms for Gu and G2i- 

To check (D) for cubes with 2-Cartesian faces, \ei 'i < i < j < n and (|7.10.ip be such a cube with 
a, &, a', b' in S, p, q' in Ai, x, y, z, w in Aj. By (b) and (b'), we may replace any 1-cell in the cube by 
a 1-cell isomorphic to it in the same category. Thus we may assume that the cube can be decomposed 
into the following diagram with 2-Cartesian squares 




Y' ■ 




w 



w 










w 


hi 









Y 



W 




W 



where ai is in Ai and 02 is in A2- Denote the bottom, top, front, back faces of the left (resp. right) 
cube by Kk,K'f., Jk,Jk, k — 1 (resp. fc = 2), and the common face of the two cubes by /. Then the 
following diagram commutes 



F2ia2)Fi{ai)F,{p)Fj{x): 
'iji' 

F2{a2)Fi{ai)F,{z)F{q') 



Gu 



F2{a2)F,{p)Fi{bi)F,{x) 



F2{a2)F,{p)Fj{y)Fi{K) 



'2il<2 




F2{a2)Fj{w)Fi{a[)F,{q') =^ F2{a2)Fj{w)F,{p')F,{b[) 



G, 



2jJ2 



F,{w)F2{a',)F^ia[)F{q') =^ F,{w)F2ia',)F{p')F^{b[) 

^ G/siKi 



■F,{p)F2{b2)Fi{bi)Fj(x) 
>F{p)F2{b2)F,{y)F,{b[ 
FMF,{y)F2ib'^)F,ib[) 

G,„ 

F,{w)F{p')F2{b'^)F,{b',) 




The proof of (E) for 2-Cartesian squares is similar to the proof of (c) and (c'). By (x), to check (F), 
it suffices to do so after restriction to AiT] AiT] Aj and to ^2 H n Aj, which follows from (F) for 

<j<n ■ 

By (v' ) and [7T4l the object of GDg (C , P) we constructed defines an object (Fg, {Fi), (Gisj), {Gij}) 

of GDg (C, I?). It remains to show that 

{ei,e2,lFs,---,'i-Fj: (Fi, . . . , F„, G) ^ A, Fe|^2, F3, . . . , F„, G) 

is an invertible 1-cell of GD^^ (C, P). By (iv'), it suffices to check the compatibility with p and 
with G for 2-Cartesian squares, which is clear from the construction. □ 

7.17. Let I? be a 2-category. We denote by the 2-category obtained by reversing 1-cells and 2-cells. 
In other words, Ob(r'°P) = Ob(X>) and, for any pair of objects X and Y of V, V°p(Y, X) = V{X, Y)°p. 

Define a 2-category V^"^' with Oh{'D'^'^^) = Ob(2?) as follows. For any pair of objects X and Y 
of V, let V^'^'{X,Y) be the category of adjoint pairs from X to Y. Hence a 1-cell X Y in V^'^' is a 
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quadruple {f,g,r],e) consisting of 1-cells f : X Y , g : Y ^ X and 2-cells t]: ly =^ fg, e: gf ^ Ix 
of V such that the following triangles commute 



/ =^ fgf 



f 



9- 





gfg 



The composition of (/i, gi, r/i, ei) : X ^Y and {f2, 92,^2, ^2) '■ Y Z is 

(/2/i,5i52,'7i'72,eie2): X ^ Z, 

where r]ir]2 is the composition 



and £162 is the composition 



Iz f2g2 /2/igi52 



9152/1/2 g1.f1 Ix 



The identity 1-cell of an object X is (Ix, Ix, lix, lix)- A 2-cell {f,g,v,e) (/', g', 77', e') of P'^'^j is a 
pair (a, /3) of 2-cells a: f ^ f and (5: g' ^ g oiV such that the following squares commute 



ly = 



=^/5 g'f^^g'f 



fg' fg 



gf- 



^ 1 



X 



The projection 2-functors Pi : P^'^j ~> P and P2 : V'^^ V°p are pseudo-faithful ([711) . 

Let C be a 2-category. We do not assume that C is a (2, l)-category. Then Pi and P2 induce 
pseudo-faithful 2-functors 

Pi : PsFun(C, V"^') -> PsFun(C, 2?), P2 : PsFun(C, P'^'^j) PsFun(C, 2?°p). 

An object F of PsFun(C,P) (resp. PsFun(C, 2?°p)) is in the image of Pi (resp. P2) if and only if for 
every 1-cell a of C, F{a) can be completed into an adjoint pair (P(a), g, 77, e) (resp. (/, F{a), 77, e)). 

7.18. Fix a pseudo-functor F: C 2?°p, a 2-faithful subcategory B oiC and a pseudo-functor B: B ^ 
V^'^ such that P2(P) = P|B. We denote F by 

and the pseudo-functor P = Pi{B) : B — ?> 2? by 

Let D be a square in C 



(7.18.1) 



where p and q are 1-cells of B. The base change map Bd is by definition the following 2-cell of V 




(7.18.2) 



7 P* 



q^{iq)*p^ 



> q*j*p*p* 
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If i and j are also 1-cells of B, then Bd is also the composition 



i*p* i*P*j*3* =^ i*{pj)*j* i*{iq)*j* =^ i*i*q*f =^ q*f ■ 



In fact, the following diagram commutes 



I p* 



q*q*i*p* 




I P* 



> i*i*q*q*i*p* 




i*P*P*P* =^ i*p*j^j*p*p* =^ i*uq*j*p*p^ =^ q*3*P*P* 



ep 



I p* 



^q*j 



Proposition 7.19. (i) Let D, D' , D" he respectively the upper, lower and outer squares of the diagram 
in C 



X. 



1 ^„ 

12 



X: 



q' ^ , 

a 
is 



where the vertical arrows are 1-cells ofB. Then the following diagram commutes 



i3P*p* =^ qAp* =^ q*q*^i 



^ {q'q)*il 



(a) Let D, D' , D" be respectively the left, right and outer squares of the diagram in C 



Xi X2 *- X3 



P2 , 



P3 



Y3 



where the vertical arrows are 1-cells of B. Then the following diagram commutes 



J 3 P3* =^ 3 P2*a* =^put*i'* 



ifjyps* 



=^pu{i'iy 
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Proof, (i) The following diagram commutes 



> 9*«2P P*P* e , 1*^2P* 



i*2P'*P'*P* =^ (i*(l*(l*1'2P 




Ap*p'*p'*p* i'*q*iiP*p 




(ii) Similar to (i). 



□ 



7.20. Fix a 2-faithful subcategory A oi C and a pseudo-functor A: A ^ (2?op)adj ^j^-j^ p^(^) ^ p 
We denote the pseudo- functor L: A ^ V, composition of P2{A): A (J)°p'^°p and the isomorphism 
(X»op)op ^ by 



Let _D be a square (|7.18.ip in C where i and j are 1-cehs of A. The base change map Ajj is by 
definition the following 2-cell in V 



(7.20.1) 



J!9 



■j\q*i*i\ =^ ji{iq)*ii j,{pj)*i, =^j,j*p*i, =^^p*i, . 



If p and q are also 1-cells of A, then A^i is also the composition 
j\q* =J^p*p,j,q* =^p*{pj),q* =^p*[iq),q* -. 
We have an analogue of 17. 191 for Ajj. 



^ p i\q\q > p i\ 



7.21. Let D be a square (|7.18.ip in C where i and j are 1-cells of A, p and q are 1-cells of B. Then 

{Bd,Ad): {i*P*,P*i<.,VpVi,<^p<^i) =^ {q*3* J'Q* ,VqV3,<^q^j) 
is a 2-cell of V^'^K In fact, the following diagrams commute 
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Anil j\q*i*i\i*p: 




It follows that Bd is invertible if and only if Ajy is. In this case, the following diagram commutes 



m*j*j\ > i\i*P*j] 



Vp 



p*p i\q* > P*M q* > P*Ji. 
and we define Gd : i\q* ^ p*j\ to be the composition. In fact, the following diagram commutes 

i]q* 

I 




Vq 




^ i\q*q*q* > i\q*j*j\q*q* 



1 in zig* > i\i p^p i\q* > in p*j\q q* )• in p*ji 



Vp 



>p*p*a\q* 



■p*j\q*q* > P*j\ 



where the hexagon commutes because the following diagram commutes 



7]j 

q*q* > q*j*m* 



Vc 





Lz q*j p i\ 




Ad 




i*p*m* 




Vp 




Ad 



i*p*p*i\ 



7.22. Let /: X -)■ y be a 1-cell of ^ n B. Then 

{ef,vf): {rf*,rfuvfvf,efef) ^ (Ix, Ix, li., li.) 

is a 2-cell of . It follows that is invertible if and only if 77^ is. In this case, the following diagram 
commutes 

vf 
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and we define p/ : /i => /, to be the composition. In fact, tlie following diagram commutes 



/!/*/* 





/*/*/! 



/! . /*/*/!/*/* =^ f*rf<rfj*f< =^ ururh h 





f*f*fi 



. 1 



/*/*/! 



Let X ^ y A Z be a pair of composable 1-cells of ^ fl B with and invertible. Then the 
following diagram commutes 



5!/! 



9'-f*f*f'-=X==T^9<f* 




The following properties of Gd and pf are similar to axioms (b), (b') of 17.31 and (c), (c') of 17.61 



Proposition 7.23. (i) In the situation of \ 7. 1 S\ (i), if the horizontal arrows are 1-cells of A, the vertical 
arrows are 1-cells of B, and if Bd and Bjji are invertible, then the following diagram commutes 



G I G 

isiq'^q* " > p*i2\q* ° > p'^P*ii\ 



{p'p)Ji 



(a) In the situation of \7.19\ (ii), if the horizontal arrows are 1-cells of A, the vertical arrows are 
1-cells of B, and if Bd and Bdi are invertible, then the following diagram commutes 



laiPl* > l\P2*J\ > PZ*]\J\ 



{i'i)\pi* 

(Hi) Let D be a square (|7.18.ip in C where i and j are 1-cells of A, p and q are 1-cells of AOB, 
€? and Bd are invertible. Then the following diagram commutes 



ii.q* < 

Gl 

P*j\ ' 



Pq 



■ *!<?! 



Pp 



■ PlV. <= 



(pj) 
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(iv) Let D be a square (|7. 18.11) in C where i and j are 1-cells of AC\B, p and q are 1-cells of B, e 



and Bo are invertible. Then the following diagram commutes 



B 
i ' 



Go 



P*J\ 



Pi 



■p*]* 



> {iq)^ 
■ (Pj)* 



Proof, (i) Similar to (ii). 

(ii) The following diagram commutes 




B-} \\Gn' 



P3*3\3\ 



(iii) Similar to (iv). 

(iv) The following diagram commutes 




where the pentagon commutes because the following diagrar 



■P*J*J 



> irq*b* 
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□ 

Proposition 7.24. Let D be a square (|7.18.ip in C where i and j are 1-cells of An B, ef , and a 

are invertible, and let D' be the square obtained by inverting a. Then the following diagram commutes 



2\q > p i\ 



Pi 



j*q 



Br,, 



■p I* 





be a cube in C, where are 1-cells of A, p,q,p',q' are 1-cells of B, and the 2-cells of the right, 

left, front, back, bottom, top faces, I , f , J, J' , K, K' , are respectively 



py ^ wp' , qx zq' , j3: wi' => iz, j3' : yj' => jx, pj iq, p'j' ^ i'q' 
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Assume that Bk cind Bk' cltc invertihle. Then the following diagram commutes 



A J 



A, 



B, 



Proof. The following diagram commutes 

A. 7 




where the decagon is the outline of the following commutative diagram 




'7*a:*j* > q[,3 3\x 3* > i'*p^3\x*3* 




z*i*i]qtj* 



B-] 



i'*w*i\q^3* > i'*w*i\i*p* > i'*w*p^ 




where the octagon commutes bv l7.19l 



□ 
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